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PREFACE 

The  work  reported  herein  was  performed  by  t|ie  Arnold  Engineering  Development 
Center  (AEDC),  Air  Force  Systems  Command  (AFSC),  at  the  request  of  the  AEDC  Direc¬ 
torate  of  Technology  (DOT)  under  Program  Element  65807F,  The  AEDC/DOT  project 
manager  was  Capt.  A.  R.  Obal  (CF).  The  results  were  obtained  by  Calspan  Field  Services, 
Inc./AEDC  Division,  operating  contractor  for  the  aerospace  flight  dynamics  testing  effort 
at  the  AEDC,  AFSC,  Arnold  Air  Force  Station,  Tennessee,  under  AEDC  Project  Number 
D215VW.  The  manuscript  was  submitted  for  publication  on  November  11,  1981. 

The  author  acknowledges  the  invaluable  assistance  of  Dr.  Reinhard  Menzel  and  Mr. 
Frank  Hornsby,  Calspan  Field  Services,  Inc.,  in  making  the  holographic  interferometry 
measurements. 
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1.0  INTRODUCTION 

During  the  past  four  to  five  years,  two  1,500-Ib  balances  were  developed  to  measure 

aerodynamic  cross  and  cross-coupling  derivatives  at  the  Arnold  Engineering 

Development  Center  (AEDC).  One  of  these  cross-coupling  (C.C.)  balances  was  built  to 

be  mounted  on  the  1,500-lb  forced  oscillation  pitch/yaw  cross  flexure  (C.F.)  balance 
used  primarily  in  the  Propulsion  Wind  Tunnel  (PWT)  facility.  The  other  was  developed 
primarily  to  fit  the  1,200-Ib  pitch/yaw  C.F.  balance  in  the  von  Karmw  Facility  (VKF).  The 
purpose  of  combining  a  C.C.  balance  with  a  C.F.  balance  was  to  enable  the 
measurement  of  the  forces  and  moments  in  the  pitch,  yaw,  or  roll  planes  that  are 
produced  by  oscillating  a  model  in  a  single  plane  with  a  C.F.  balance.  Both  balance 
combinations  have  been  tested  in  the  laboratory,  and,  in  addition,  the  PWT 

combination  was  used  in  a  test  in  Tunnel  4T  to  make  cross  and  cross-coupling 
measurements  on  the  standard  dynamics  model  (SDM)  in  December  1980. 

Following  fabrication  of  the  balances,  each  was  laboratory  tested  to  determine 
the  accuracy  with  which  a  known  applied  moment  vector  could  be  measured.  As  was 
expected,  the  use  of  statically  obtained  balance  gage  sensitivities  to  reduce  dynamic 
data  resulted  in  a  difference  between  the  applied  laboratory  moment  vector  and  the 
measured  moment  vector.  The  difference  in  the  vectors  was  attributable  to  the 
balance  deflections,  which,  under  dynamic  loading  conditions,  were  caused  by  the 
model  and  balance  inertias,  as  well  as  the  externally  applied  loads.  The  purpose  of 
this  report  is  to  present  the  equations  of  motion  of  the  subject  balances  which  would 
enable  a  more  accurate  measurement  of  such  dynamic  load  vectors  in  the  future. 
Although  other  problems  with  making  such  measurements  do  exist,  such  as  nonlinear 
load  interactions  between  different  balance  gages,  it  is  not  the  intent  of  this  report 
to  cover  any  subject  other  than  the  dynamic  modeling  of  the  balance  motion  and,  the 
development  of  the  relevant  equations  of  motion. 

A  statically  obtained  balance  sensitivity  reflects  the  stress  imposed  on  a  balance 
gage  element  (or  beam)  caused  by  a  known  statically  applied  load.  The  stress  produces 
a  strain  in  the  beam,  and  a  strain  gage  mounted  on  the  beam  converts  this  strain  into 
an  electrical  output.  Under  dynamic  loading  conditions  no  distinction  can  be  made 
between  the  strain  caused  by  an  inertia  load  and  that  caused  by  an  external  or 
aerodynamic  load  unless  the  system  is  mathematically  modeled  and  analytically 
solved  for  the  external  loads.  To  account  analytically  for  the  inertia  loads,  the 
sting/balance/model  system  must  be  accurately  modeled  to  include  all  of  the  degrees 
of  freedom  experienced  by  the  system.  The  equations  of  motion  for  this  system  can 
then  be  solved  for  the  externally  applied  loads.  Although  it  is  possible  to  write  the 
equations  to  include  all  degrees  of  freedom,  it  is  difficult  to  instrument  a  balance  to 
measure  all  these  quantities.  Some  compromises  must  be  made  to  keep  the 
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instrumentation  and  data  reduction  requirements  reasonable.  Therefore,  only  the  primary 
degrees  of  freedom  can  be  measured  and  accounted  for  in  the  equations  of  motion,  and 
these  primary  degrees  of  freedom  may  vary,  depending  on  balance  type. 

The  equations  of  motion  for  the  subject  AEDC  systems  and  the  system  models  to 
which  they  apply  are  presented  in  this  report.  The  methods  of  derivation  of  these 
equations  are  not  new  and  are  fairly  general  in  applicability.  However,  the  specific 
equations  for  a  given  system  are  unique  to  that  system  and  other  systems  with  similar 
primary  degrees  of  freedom.  Hanff  (Ref.  1)  did  a  similar  equation  development  for  the 
system  at  NRC  in  Canada,  but  his  equations  are  not  totally  applicable  to  the  AEDC 
systems  because  of  the  additional  degrees  of  freedom  added  by  the  relatively  flexible 
stings  used  at  AEDC.  Differences  in  equations  of  motion  also  arise  because  of  the 
different  types  of  balances  used  at  AEDC.  The  equations  of  motion  for  the  balance 
developed  in  PWT,  a  force-moment  balance,  are  different  from  the  equations  of  motion 
for  the  balance  developed  in  VKF,  a  moment  balance,  because  the  force  g?ge  is 
designed  for  primary  compliance  in  translation,  whereas  the  moment  gage  is  primarily 
rotational.  In  the  application  of  any  equation,  the  system  model  to  which  the 
equations  apply  must  compare  with  the  system  to  which  the  equations  are  to  be  used, 
or  errors  will  result. 

The  roll  equations  are  somewhat  different  from  the  pitch/yaw  equations  because  all 
degrees  of  freedom  rotate  about  the  same  axis.  However,  the  same  roll  model  and  resulting 
equation  apply  to  both  of  the  subject  systems.  To  illustrate  the  magnitude  of  correction 
resulting  from  the  dynamic  modeling  of  a  multi-degree-of-freedom  (DOF)  roU  balance, 
some  cross-coupling  roll  data  taken  on  an  earlier  test  were  reduced  using  the  dynamic 
equation  of  motion  in  roll.  These  data  are  presented  in  this  report,  along  with  the  same  data 
reduced  using  the  static  roll  sensitivity. 

2.0  BALANCE  DEFLECTION  MODES  AND  DYNAMIC  MODEL  DEVELOPMENT 

In  principle,  each  cross-coupling  (C.C.)  balance  is  similar  to  a  five-component  static 
force  balance.  Each  balance  is  designed  and  gaged  to  measure  a  force  or  a  moment,  i.e.,  a 
shear  or  bending  strain,  at  each  of  two  balance  stations  in  the  pitch  plane  and  in  the  yaw 
plane.  In  addition,  each  balance  has  a  roll  element  gaged  to  measure  strain  caused  by  roll, 
which  brings  the  total  loads  measured  to  five.  The  roll  element  station  is  physically  located 
between  the  fore  and  aft  pitch/yaw  elements  on  both  of  the  subject  balances.  To  keep  the 
balances  as  rigid  as  possible,  they  lack  axial  force  gages.'  The  main  difference  from  a 
standard  static  balance,  however,  is  a  result  of  the  requirement  that  a  cross  flexure  (C.F.) 
balance  be  mounted  internal  to  the  C.C.  balance.  To  meet  this  requirement  the  C.C. 
balances  are  built  in  the  shape  of  a  can  to  fit  over  the  C.F.  balance.  The  force-moment  and 
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moment  balances  are  illustrated  in  Figs.  1  and  2a,  respectively.  The  hollow  center,  illustrated 
by  the  cross-sectional  view  of  each  balance,  is  the  cavity  into  which  a  C.F.  balance  is  fit.  The 
internal  mounting  of  the  C.F.  balance  within  the  C.C.  moment  balance  is  illustrated  in  the 
cutaway  view  of  Fig.  2b. 

In  providing  a  measurement  of  the  moment  or  force  at  a  particular  station,  the  balances 
are,  in  essence,  providing  an  electrical  output  which  is  proportional  to  the  balance  deflection 
at  that  station.  With  the  proper  handling  these  moment  and  force  measurements  can  be 
converted  into  deflections  of  these  flexible  balance  stations,  as  will  be  discussed  later  in  Sec. 
3.0.  The  forward  gaged  station  of  the  force-moment  balance  is  designed  and  gaged  (with 
strain  gages)  to  provide  an  electrical  output  signal  proportional  to  pitching  moment  and  side 
force;  i.e.,  it  has  a  pitching  moment  element  and  a  side  force  element.  The  pitching  moment 
gages  sense  the  bending  strain  to  which  they  are  subjected,  and  the  side  force  gages  sense  the 
shear  strain  to  which  they  are  subjected.  These  two  sets  of  gages  are  approximately  centered 
about  the  same  forward  axial  station  of  the  balance,  as  are  the  two  sets  of  gages  at  the  aft 
station.  Unlike  the  forward  station,  the  aft  gaged  station  is  designed  and  gaged  to  provide 
electrical  outputs  proportional  to  yawing  moment  and  normal  force.  The  roil  section, 
located  between  the  fore  ahd  aft  gaged  stations,  is  gaged  to  sense  shear  strain  produced  by  a 
rolling  moment.  The  moment  balance  is  different  in  that  both  the  forward  and  aft  pitch/yaw 
gaged  stations  are  gaged  to  sense  bending  moment  in  both  the  pitch  and  yaw  planes. 

It  is  assumed  that  all  parts  of  the  balances  are  perfectly  rigid  except  for  the  gaged 
stations.  In  reality  each  gaged  station  can  undergo  deflections  other  than  those  for  which  it  is 
gaged.  Although  the  forward  station  of  the  moment  balance  is  gaged  to  sense  yaw  and  pitch 
bending  moment  (rotational  degrees  of  freedom),  it  can  still  undergo  deflections  caused  by 
yaw  and  pitch  shear  loads  (translational  degrees  of  freedom)  even  though  these  deflections 
do  not  provide  an  electrical  output.  These  extraneous  degrees  of  freedom  are  limited  to 
small  deflections  by  making  the  gaged  beams  as  short  as  possible,  thus  limiting  deflection 
attributable  to  “S”  bending.  In  like  manner  the  forward  station  of  the  force-moment 
balance  is  given  maximum  compliance  to  side  shear  load  and  pitch  bending  load  by 
designing  the  balance  cross  section  to  have  a  high  second  moment  of  area  about  the  z  axis 
and  a  relatively  low  second  moment  of  area  about  the  y  axis.  The  aft  station  is  similarly 
designed. 

2.1  PITCH/YAW  MODELS  ' 

If  the  deflections  monitored  by  the  strain  gages  are  considered  to  be  the  primary 
deflection  modes  of  the  balance,  then  the  dynamic  model  of  the  moment  balance  pitch  and 
yaw  planes  is  different  from  the  dynamic  models  of  the  force-moment  balance.  The  moment 
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balance  has  two  rotational  degrees  of  freedom  each  in  the  pitch  and  yaw  planes,  whereas  the 
force-moment  balance  has  one  translational  and  one  rotational  degree  of  freedom  in  the 
pitch  plane  and  the  yaw  plane.  The  roll  station  of  each  balance  must  also  be  considered  to  be 
a  flexible  member.  It  is  assumed  to  add  an  additional  rotational  degree  of  freedom  to  each 
balance  model.  The  resulting  three-degree-of-freedom  (3-DOF)  models  of  the  force-moment 
and  moment  balances  in  the  pitch  and  yaw  planes  are  illustrated  in  Figs.  3  and  4, 
respectively.  One  model  applies  to  either  the  pitch  or  yaw  plane  for  the  moment  balance, 
since  all  deflections  are  rotational.  Two  models  are  required  for  the  force-moment  balance, 
one  in  pitch  and  one  in  yaw.  The  translational  degree  of  freedom  is  located  at  the  front  of 
the  balance  in  the  yaw  plane  and  at  the  rear  in  the  pitch  plane. 

Two-degree-of-freedom  (2-DOF)  models  for  the  same  systems  are  shown  in  Figs.  5  and 
6.  The  3-DOF  models  of  the  balance  illustrated  in  Figs.  3  and  4  depict  the  motion  of  the 
balance  more  exactly  than  the  2-DOF  models  illustrated  in  Figs.  5  and  6,  in  which  the  roll 
gage  elements  have  been  omitted.  The  omission  of  the  roll  gage  element  implies  that  they  are 
rigid  in  pitch  and  yaw,  which  is  not  exactly  correct.  However,  the  roll  gage  elements  are 
designed  to  be  much  more  rigid  in  pitch  and  yaw  than  the  fore  and  aft  pitch  and  yaw  gages, 
and  little  error  is  introduced  by  their  omission.  In  addition,  the  roll  elements  are  not 
provided  with  strain  gages  to  measure  pitch  or  yaw  deflection  and  their  inclusion  in  the 
models  and  equations  of  motion  would  be  of  little  use  without  a  means  to  obtain  the 
deflection  data.  Therefore,  the  simpler  2-DOF  systems  are  more  applicable  to  the  balances 
as  they  now  exist. 

Figures  3  through  6  illustrate  two  types  of  motion  that  are  possible  in  each  plane:  out-of- 
plane  motion  and  in-plane  motion.  The  out-of-plane  motion  is  considered  to  be  that  motion 
experienced  by  a  balance  in  the  plane  perpendicular  to  the  oscillation  plane  of  the  C.F. 
balance.  For  example,  if  a  balance  is  being  oscillated  in  pitch,  the  out-of-plane  motion 
would  be  the  motion  experienced  by  the  balance  in  the  yaw  plane.  Under  ideal  conditions 
this  motion  is  produced  by  external  forces  only  and  not  by  the  forced  oscillation  of  the  C.F. 
balance.  In  reality  some  inertial  coupling  exists  between  the  two  planes,  caused  by  nonzero 
cross  products  of  inertia  causing  an  inertial  moment  as  well.  These  cross  product  inertial 
loads  represent  a  tare  which  must  be  subtracted  from  out-of-plane  balance  output  to  arrive 
at  a  measurement  of  the  externally  applied  loads.  Tare  levels  such  as  these  are  typically 
measured  under  vacuum  in  a  laboratory  where  no  externally  applied  loads,  e.g., 
aerodynamic  loads,  are  present. 

The  in-plane  motion  is  the  motion  experienced  by  the  balance  in  the  plane  of  oscillation. 
In  this  plane  the  balance  experiences  the  model  and  balance  inertial  loads  imposed  by  the 
forced  oscillation  of  the  C.F.  balances,  as  well  as  externally  applied  loads.  These  inertial 
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loads  plus  some  cross  product  inertial  loads  represent  a  tare  level  on  the  in-plane  balance 
output.  Again,  this  tare  level  output  can  be  obtained  under  vacuum  conditions.  When 
speaking  in  terms  of  aerodynamic  loads,  direct  derivatives  are  sensed  by  the  in-plane  gages, 
and  cross  or  cross-coupling  derivatives  are  sensed  by  the  out-of-plane  gages. 

To  verify  that  the  correct  deflection  modes  of  the  force-moment  balance  were  assumed, 
the  balance  deflections  were  measured  under  load  using  an  holographic  interferometry 
technique.  By  this  technique,  the  deflection  of  the  balance  along  its  entire  length  was 
determined  from  a  photographic  record  of  the  balance  with  superimposed  interference 
fringes.  Each  successive  fringe  on  the  balance  surface  represents  the  deflection  of  the 
balance  through  one  wavelength  of  the  light  used  for  illumination,  in  this  case  a  helium-neon 
laser  beam  with  a  wavelength  of  0.6328  ^on.  Details  of  the  holographic  interferometry 
technique  are  presented  in  Appendix  A.  Some  results  of  the  deflection  measurements  are 
shown  in  Fig.  7,  where  the  deflections  of  the  force-moment  balance  in  the  yaw  plane  are 
graphically  illustrated.  The  plots  clearly  show  that  the  primary  deflections  of  the  balance  at 
the  flexible  stations  are  those  deflections  for  which  it  is  gaged.  For  example,  in  the  yaw  plane 
the  force-moment  balance  has  a  force  gage  at  the  forward  flexible  station  and  a  moment 
gage  at  the  aft  flexible  station.  The  deflection  curve  (Fig.  7)  illustrates  a  large  translational 
deflection  at  the  forward  station  and  a  large  rotational  deflection  at  the  aft  station,  as  would 
be  expected.  Accompanying  the  large  translational  deflection  at  the  forward  station  is  a 
small  rotational  deflection.  This  is  an  example  of  an  extraneous  deflection  mentioned  earlier 
which  cannot  be  avoided  in  any  real  physical  system.  The  deflection  curves  also  illustrate  the 
deflections  of  the  middle  flexible  stations,  the  roll  gage  elements,  which  are  currently  not 
gaged  to  measure  these  deflections.  However,  they  are  relatively  small  compared  to  the 
primary  deflections.  To  measure  the  balance  deflections  (and,  consequently,  the  model 
motion)  more  correctly,  the  balance  would  have  to*  be  gaged  for  all  of  the  deflections 
illustrated  by  the  deflective  curve.  However,  as  with  most  experimental  measurements, 
tradeoffs  between  cost  and  ease  of  instrumentation  must  be  weighed  against  accuracy.  The 
dynamic  data  acquisition  system  used  at  AEDC  does  not  currently  have  the  capacity  to 
handle  the  number  of  gages  required  to  instrument  the  balances  to  measure  the  deflections  in 
all  degrees  of  freedom.  It  is  unlikely  that  the  accuracy  gained  would  justify  the  additional 
cost. 


2.2  ROLL  MODEL 

The  rolling  motion  model  of  the  balances  is  somewhat  different  from  the  pitch  or  yaw 
models  illustrated  in  Figs.  3  through  6  since  all  degrees  of  freedom  rotate  about  the  same 
axis.  For  roll  motion  each  balance  is  assumed  to  have  a  roll  degree  of  freedom  at  each  gaged 
station.  In  addition,  laboratory  tests  of  both  of  the  counterpart  C.F.  balances  have  shown 
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that  the  C.F.  balances  have  more  flexibility  in  roll  than  the  C,C.  balances.  Therefore,  the 
motion  of  the  C.F.  balance  in  roll  must  be  accounted  for  as  well  as  the  motion  of  the  C.C. 
balance.  The  dynamic  model  of  the  system  in  roll  is  illustrated  in  Fig.  8.  This  model  applies 
to  both  the  force-moment  and  the  moment  balance  systems. 

3.0  BALANCE  EQUATIONS  OF  MOTION 

The  equations  of  motion  for  the  force-moment  and  moment  balances  as  depicted  by  the 
models  shown  in  Figs.  3,  4,  5,  and  6  are  given  in  Tables  1  and  2.  The  equation  of  motion  in 
roll  for  the  dynamic  model  shown  in  Fig.  8  is  given  in  Table  3.  The  Lagrange  method,  as 
described  in  Ref.  2,  was  used  for  all  derivations.  Details  of  the  derivations  are  presented  in 
Appendix  B. 

btote  that  the  balance  rotational  and  translation  deflection  measurements  Gj,  0^,  ^3,  Z^, 
and  Z3  are  input  into  equations  and  not  moments  and  forces  as  would  be  done  for  a  static 
balance.  This  imposes  the  requirement  that  a  spring  constant  (k)  in  terms  of  deflection/load 
of  each  gaged  station  must  be  known  as  well  as  the  standard  sensitivity  (s)  in  terms  of 
voltage/load.  These  two  constants,  used  in  conjunction  with  the  voltage  signal  (E)  from  the 
gage,  provide  the  proper  input  to  the  equations  as  follows. 

(E)(k/s)  =  0  (or  Z)  (1) 

It  must  also  be  noted  that  the  balance  gage  element  deflections,  0  and  Z,  are  amplitudes 
of  sinusoidal  gage  oscillations,  since  the  C.C.  balance  is  being  forced  to  oscillate  sinusoidally 
by  the  C.F.  balance.  A  linear  dependence  between  the  balance  oscillation  and  the  forces 
produced  from  the  oscillation  is  assumed.  Therefore,  the  gage  deflections  (amplitudes)  are 
vector  quantities,  i.e.,  they  have  phase,  which  is  measured  relative  to  the  constant  amplitude 
forcing  function  of  the  C.F.  balance,  as  well  as  magnitude,  and  must  be  input  as  such  into 
the  equations. 

The  constants  in  the  equations  include  some  lengths  and  masses  which  are  not  considered 
for  a  static  measurement.  These  masses  must  be  calcuiated  from  the  known  balance 
dimensions  and  the  material  (usually  steel)  density.  They  represent  the  partial  balance 
masses  between  consecutive  gages  (represented  by  springs  in  Figs.  3  through  6). The  locations 
of  the  centers  of  gravity  (c.g.)  of  these  masses  (^j,  and  ^3)  must  also  be  calculated  from 
the  known  balance  dimensions.  Although  these  calculations  could  be  subject  to  slight  error 
because  of  the  neglect  of  the  strain  gage  mass,  connecting  wire  mass,  and  possible  error  in 
the  material  density  assumed,  a  close  estimate  of  the  masses  used  in  the  equations  of  motion 
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would  provide  a  more  correct  result  than  would  complete  neglect  of  the  masses. 

The  equations  of  motion  given  in  Tables  1 ,  2,  and  3  also  include  some  tare  damping 
constants,  as  well  as  some  aerodynamic  damping  and  restoring  moment  constants.  The  tare 
damping  constants,  which  are  discussed  in  Appendix  C  represent  the  mechanical  damping 
inherent  in  the  gage  elements  themselves.  The  aerodynamic  "constants”  such  as  and 
c^  represent  the  restoring  moment  (aerodynamic  spring  constant)  and  damping  moment 
resulting  from  aerodynamic  effects.  They  are  the  same  parameters  that  would  be  obtained 
from  a  standard  forced  oscillation  pitch,  yaw,  or  roll  test,  the  direct  damping  derivatives.  If 
a  balance  could  be  perfectly  rigid  and  still  measure  the  required  cross  or  cross-coupling 
moments,  the  inclusion  of  these  aerodynamic  terms  would  not  be  necessary.  However,  when 
a  cross  or  cross-coupling  moment  is  applied  to  a  flexible  balance,  a  motion  results,  and  the 
damping  and  restoring  moment  of  the  air  surrounding  the  balance  (model)  is  a  result  of  the 
balance  motion  and  is  not  part  of  the  cross  or  cross-coupling  moment  being  measured.  The 
aerodynamic  restonng  moment  and  damping  moment  are  represented  schematically  by  a 
spring  and  a  damper  attached  to  ground  (inertial  reference  frame),  as  illustrated  in  Figs.  3 
through  6  and  Fig.  8. 

The  magnitude  of  the  aerodynamic  restoring  moment  is  very  small  relative  to  other 
spring  constants  in  the  equations,  and  generally  can  be  neglected.  However,  the 
aerodynamic  damping  moment  can  possibly  be  of  the  same  magnitude  or  greater  in 
magnitude  than  the  cross  or  cross-coupling  damping  moment  itself,  and,  if  possible,  it 
should  be  included  in  the  data  reduction.  If  it  were  not  included  in  the  reduction,  the  phase 
of  the  data  signal  from  the  balance  could  be  misconstrued  as  being  the  phase  of  the  cross  or 
cross-coupling  moment  when,  in  reality,  it  is  a  phase  shift  caused  by  aerodynamic  damping. 
In  most  cases  if  a  test  is  being  run  to  determine  cross  or  cross-coupling  derivatives,  some 
knowledge  of  the  direct  damping  derivatives  will  be  available.  If  these  direct  derivatives  are 
not  known,  then  an  analysis  of  the  error  that  could  result  from  their  exclusion  should  be 
conducted  before  proceeding  with  the  test.  An  example  of  the  error  that  can  result  from 
neglecting  is  given  in  Appendix  D. 

The  roll  equation  of  motion  is  somewhat  simpler  than  the  pitch  or  yaw  equations  because 
all  of  the  balance  masses  and  the  model  mass  rotate  about  the  same  axis,  the  balance  x  axis. 
The  system  is  merely  a  series  of  masses  connected  by  a  series  of  springs.  If  the  moments  of 
inertia  of  the  intermediate  balance  masses  are  neglected,  the  problem  reduces  to  a  single 
degree-of-freedom  system  with  a  single  natural  frequency  determined  by  the  model  mass  and 
the  total  spring  constant.  Naturally,  the  total  spring  constant  is  the  resultant  of  the  series  of 
springs  represented  by  the  three  balance  gages  plus  the  C.F.  balance  spring.  Each  of  these 
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four  entities  has  its  own  spring  constant  in  roll  as  well  as  pitch  and  yaw.  However,  only  one 
of  the  gages  is  actually  gaged  to  measure  roll  deflection,  the  roll  gage  of  the  C.C.  balance. 
Through  suitable  substitutions,  the  complete  equation  of  roll  motion  [Eq.  (1)]  given  in  Table 
3  can  be  reduced  to  a  much  simpler  equation  [Eq.  (2)]  which  involves  the  ratio  of  the 
oscillation  frequency  to  the  natural  frequency  of  the  total  system  in  roll  and  the  standard 
moment  measurement  from  the  balance. 

4.0  EQUATIONS  OF  MOTION  WITH  STING  BENDING  MOTION  INCLUDED 

The  equations  discussed  in  the  previous  section  are  limited  in  application  to  cases  where 
the  balance  mount  is  either  fixed  in  an  inertial  reference  frame  or  the  balance  mount  is 
rotating  about  a  center  of  rotation  which  is  fixed  in  an  inertial  frame.  In  reality  the  sting  to 
which  the  balances  are  mounted  is  not  a  good  basis  for  an  inertial  reference  frame,  for  the 
sting  itself  is  oscillating.  If  it  is  assumed  that  the  hub  to  which  the  sting  is  mounted  is  fairly 
rigid,  then  accounting  for  the  sting  motion  between  the  hub  and  the  balance  will  account  for 
the  total  motion  of  the  balance  sections  relative  to  an  inertial  frame. 

As  was  done  by  Burt  in  Ref.  3,  the  sting  motion  was  considered  to  be  a  combination  of  a 
pure  rotation  about  the  balance  center  of  rotation  and  a  pure  translation  of  the  center  of 
rotation  (z^).  Including  these  motions  in  the  previous  models  (Figs.  3  through  6)  results  in  the 
models  shown  in  Figs.  9  and  10.  The  equations  of  motion  describing  these  systems  are  given 
in  Tables  4  and  5.  These  equations  are  similar  to  the  previous  equations  of  Tables  1  and  2 
except  they  include  sting  translation  (z^)  and  rotation  terms. The  sting  must  be 

instrumented  and  calibrated  in  a  manner  similar  to  the  balance  gages  to  provide  outputs 
proportional  to  the  sting  deflections.  However,  all  stings  that  are  currently  used  for  dynamic 
forced  oscillation  testing  are  already  instrumented  and  calibrated  for  sting  deflections,  so 
this  particular  requirement  is  not  new  or  unusual  to  AEDC  testing. 

The  equations  without  sting  bending.  Tables  1  and  2,  are  actually  a  special  case  of  Tables 
4  and  5.  If  the  sting  degrees  of  freedom,  z^,  and  are  set  to  zero,  the  equations  of  Tables  1 
and  2  result.  It  must  be  remembered  that  the  force  or  moment  vector  on  the  right-hand  side 
of  any  of  these  equations  represents  the  total  load  measured.  When  wind  tunnel  data  are 
reduced  with  these  equations,  the  total  load  is  the  aerodynamic  load  plus  any  mechanical 
damping  or  inertial  tares  experienced  by  the  balance.  These  tares  must  be  measured  in  the 
laboratory  and  subtracted  from  the  total  load  to  yield  the  aerodynamic  load,  as  discussed  in 
Sec.  2.1. 
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5.0  DATA  REDUCTION 

As  discussed  earlier  in  Sec.  3.0,  knowing  that  the  C.F.  balance  motion  (JS^  is  sinusoidal 
and  assuming  a  linear  dependence  between  the  balance  motion  and  the  resulting 
aerodynamic  forces  on  the  C.C.  balance  (model),  the  resulting  balance  outputs  are 
sinusoidal,  i.e.,  they  are  vector  quantities  with  phase  as  well  as  magnitude.  The  time- 
dependent  gage  outputs,  which  reflect  gage  deflections,  can  be  represented  as  follows: 

0j  =  Zj  =  ZjC'"* 

The  amplitudes  of  the  motions  (flj  and  Zj)  have  both  phase  and  magnitude  and  can  be 
represented  as 

©j  =  ©je^i  =  Zje''i'i 


These  complex  or  vector  amplitudes  are  the  experimentally  determined  quantities  which 
must  be  input  into  the  equations  of  motion  given  in  Tables  1  through  5.  With  the  current 
AEDC  data  acquisition  and  processing  technique  used  for  acquisition  of  dynamic  forced 
oscillation  data,  these  quantities  can  be  routinely  acquired  for  use  in  the  equations  of 
motion. 

5.1  PITCH/YAW  DATA  REDUCTION 

When  all  of  the  mass  constants,  moment  of  inertia  constants,  length  constants,  spring 
constants,  and  damping  constants  are  evaluated  and  input  into  one  of  the  equations  of 
motion,  and  after  the  oscillation  frequency  (w)  for  a  particular  test  case  is  measured  and 
input,  the  equations  reduce  to  the  following  form. 

£  Rj©j  +  EiPj©j  =  M 
(and/or  RjZj)  (and/or  i  PjZj)  (or  f) 

In  this  equation  Rj  and  Pj  are  mass  or  inertia  constants  and  M  (or  F)  is  the  externally  applied 
load  vector  measured  by  the  balance.  Combining  terms  and  writing  the  equation  in  complex 
form,  the  above  equation  reduces  to  the  following: 

a  -I-  bi  =  M  (or  F)  (3) 

where 

M  (or  F)  =  Me'T  (or  Feb) 
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The  magnitude  and  phase  of  the  measured  moment  or  force  vector  is  defined  in  the  usual 
manner,  i.e., 

M  =  ^/^2"+  b2 
7  =  tan-'  b/a 

where  a  is  the  real  and  b  the  imaginary  component  of  the  complex  number.  These  quantities 
are  the  magnitude  and  phase  of  the  aerodynamic  or  other  externally  applied  load  which  is 
applied  to  the  pairticular  gage  in  question.  If  the  data  are  to  be  presented  in  an  “in-phase- 
with-position”  and  an  “out-of-phase-with-position”  format,  then  these  quantities  are 
identically  a  and  b,  respectively. 

In  most  cases  the  moments  or  forces  measured  at  a  particular  gage  location  are  not  the 
result  that  is  sought.  Instead  the  balance  measurements  must  be  converted  into  a  force  and  a 
moment  about  a  selected  reference  point.  For  a  moment  balance  and  a  force-moment 
balance  the  equations  which  convert  the  data  into  a  force  and  moment  about  a  selected 
reference  point  are  as  follows: 

Moment  Balance 


where 


and 


where 


F  = 


M1-M3  (a|-a3)  +  i(b|-b3) 

t  t 


(a  +  ib)  force 


(4) 


M,  =  moment  measured  at  forward  balance  station 

=  aj  +  ibj 

M3  =  moment  measured  at  rear  balance  station 

“  Uj  4“  1  b3 

f  =  absolute  distance  between  balance  gage  stations 


F  =  calculated  force  vector. 

Mref'  =  M]  +  F  (xi  -  xref)  =  (a  + 


jb)MOMENT 
AT  Xref 


(5) 
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^REF  ~  moment  referenced  to  reference  point  Xu^f 

’^r^REF  =  distance  from  the  forward  balance  gage  center 
to  the  model  reference  point  using  the  sign 
conventions  illustrated  in  Figs.  1  and  2. 

Force-Moment  Balance  (Yaw  Plane) 


Fi  =  ai  +  ibj 


where 


Mj  =  a3  +  iba 

Mref  =  Mj  +  Fi(X]Qomenl 'XrEf} 

gage 


(6) 


and 


F|  =  measured  force  vector,  a,  +  ibi 
M3  =  measured  moment  vector,  a3  +  i  b3 
^ref  ^  moment  about  reference  point 


^oraeni'^REF 

gage 


distance  from  moment  gage  center  to 
reference  point  Xi^pp  measured  positive 
toward  the  front. 


The  pitch  plane  equations  are  similar  to  those  presented  earlier  except  that  subscripts  of 
the  force  (F)  and  moment  (M)  are  swapped  because  of  the  position  reversal  of  the 
corresponding  gages  in  the  pitch  plane. 


Knowledge  of  the  magnitude  and  phase  of  both  the  force  vector  and  the  moment  vector 
enables  the  calculation  of  the  required  derivatives.  However,  it  must  be  kept  in  mind  that  the 
phases  of  the  force  and  moment  must  be  known  relative  to  the  total  model  motion,  and  total 
model  motion  is  represented  by  the  total  rotational  vector  and  the  total  translational  vector, 
which  will  be  called  67  and  Zj  for  pitch  plane  motion.  If  the  phase  angles  of  the  pitch  plane 
force  and  moment  vectors  relative  to  Gj  are  given  by  77^.  and  77 then  the  required  pitch 
plane  damping  and  restoring  moment  derivatives  are  calculated  as  follows: 


Mb  = 

M  cos  7t„ 

Me  = 

M  sin 

07 

W07 

Fe  = 

F  cos  7t„ 

F6  = 

F  sin  77.^ 

©7 

U07 

IS 
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Similar  calculations  are  required  for  the  yaw  plane. 

5.2  ROLL  DATA  REDUCTION 

The  roll  data  reduction  equation  reduces  to  a  simple  form  [Eq.  (2)  of  Table  3]  which  uses 
the  standard  rolling  moment  measurement  from  the  balance  rather  than  the  angular 
deflection  measurements  as  inputs  to  the  equation.  The  equation  includes  several  constants 
which  must  be  determined  experimentally,  i.e.,  Cj/kj,  and  k  The  remaining  con¬ 

stant  c.  is  the  aerodynamic  roll  damping  constant  which  either  must  be  known  from  the 

■aciO 

results  of  a  previous  direct  derivative  wind  tunnel  investigation,  must  be  estimated  in  some 
manner,  or  must  be  assumed  zero,  The  effect  that  c.  has  on  the  data  reduction  cannot  be 

j  .  ^aero 

stated  in  one  general  rule.  Its  relative  importance  depends  on  the  phase  angle  of  the  data 
signal  which  is  configuration  and  attitude  dependent.  The  effect  of  assuming  this  constant  to 
be  zero  is  illustrated  in  Appendix  D  for  a  specific  case. 

The  term  is  the  total  spring  constant  of  the  two-balance  system  in  roll,  assuming 
that  all  of  the  flexible  balance  sections  have  a  degree  of  freedom  in  roll,  including  the  C.F. 
balance,  and  that  these  separate  sections  are  connected  in  series-to  form  a  total  spring  con¬ 
stant.  The  roll  inertia  of  the  balance  parts  connecting  these  separate  sections  (springs)  is 
ignored,  and  the  system  is  assumed  to  exhibit  one  natural  frequency  characteristic  of  the 
total  spring  constant.  This  assumption  has  been  shown  to  be  accurate  from  spectral  analysis 
results  of  both  C.C.  balances.  Each  balance  exhibits  one  predominant  natural  frequency 
rather  than  one  frequency  for  each  mode  of  vibration.  With  the  wind  tunnel  model 
mounted,  this  natural  frequency  is  the  mentioned  earlier,  and  this  constant  may 
change  for  each  model  configuration  for  which  data  are  taken  and  reduced.  On  the  other 
hand  the  kfotai  constant  will  likely  never  change  for  a  particular  balance  throughout  a  test 
program  unless  the  balance  is  somehow  changed.  The  constant  C2/k2  is  the  ratio  of  the 
mechanical  damping  of  the  roll  section  of  the  balance  to  the  spring  constant  of  that  section. 
The  determination  of  this  constant  is  discussed  in  Appendix  C. 

As  with  the  previous  pitch  and  yaw  data,  the  moment  signal  (kjl^  from  the  balance  is  a 
vector  quantity  and  has  magnitude  and  phase  relative  to  the  model  position  vector.  Since  the 
quantity  in  brackets  [Eq.  (2),  Table  3]  is  also  a  vector  or  complex  quantity,  the  equation 
takes  the  following  form  after  all  of  the  constants  and  the  data  vector  are  input. 

[m;  e>T'][l/;ie>^i']  =  M,(e'T  (7) 

The  equation  in  this  form  illustrates  the  “demagnification”  and  phase  shifting  effected  by 
the  bracketed  term  of  Eq.  (2),  Table  3.  The  magnitude  of  the  rolling  moment  signal  (Mj|)  is 
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decreased  by  the  multiplicative  constant  l//i,  and  the  phase  is  shifted  by  the  phase  of  the 
bracketed  vector,  Ay.  Close  examination  of  the  bracketed  term  in  Eq.  (2),  Table  3  reveals 
that  the  frequency  ratio  primary  influence  on  the  multiplicative  constant  l/p. 

and  that  the  damping  constants  are  the  primary  influence  on  phase  shift.  These  effects  are 
illustrated  in  Appendix  D. 

6.0  CORRECTION  OF  EXISTING  CROSS-COUPLING  ROLL  DATA 

To  confirm  that  the  roll  data  reduction  equation  was  indeed  serving  to  produce  a  correct 
moment  reading  from  the  flexible  C.C.  balance,  some  previously  obtained  laboratory  data 
were  reduced  using  Eq.  (2)  of  Table  3.  The  rolling  moment  laboratory  data  were  induced  by 
oscillating  a  dynamically  unbalanced  (1^^  ^  0)  calibration  body  in  pitch.  The  applied  rolling 
moment  was  calculated  from  the  known  and  the  oscillation  frequency  and  amplitude. 
Data  were  taken  for  several  values  of  the  oscillation  to  total  natural  frequency  ratio  by 
changing  the  moment  of  inertia  (I^  of  the  calibration  body.  The  roUing  moment  balance 
output  was  reduced  in  two  ways:  by  simply  applying  the  statically  obtained  roll  gage 
sensitivity  to  the  roll  gage  signal,  and  by  using  the  roll  equation  as  given  in  Table  3.  The 
constant  C2/k2  was  too  small  to  be  resolved  and  was  assumed  to  be  zero.  A  plot  of  the  results 
is  shown  in  Fig.  1 1  where  the  measured  to  applied  load  ratio  is  plotted  as  the  ordinate  and 
the  frequency  ratio  is  plotted  as  the  abscissa.  The  roll  equation  of  motion  of  Table  3  clearly 
corrects  the  data  for  the  majority  of  the  dynamic  effects. 

To  illustrate  the  application  of  the  roll  data  reduction  equation  to  some  wind  tunnel 
data,  and  to  illustrate  the  magnitude  of  corrections  to  such  data,  the  results  from  two  past 
tests  were  corrected  using  a  form  of  Eq.  (2)  of  Table  3.  The  first  source  of  such  data  was  the 
wind  tunnel  tests  conducted  on  a  model  of  a  current  fighter  configuration  in  June  1978.  The 
uncorrected  data,  which  were  originally  reduced  using  static  calibration  sensitivities,  are 
illustrated  in  Ref.  4.  These  data  were  obtained  with  a  4,000-lb  dual-balance  system  similar  to 
the  1,500-lb  force-moment  system  discussed  herein.  Tests  of  a  standard  dynamics  model 
(SDM)  run  in  December  1980  were  the  second  source  of  data.  These  data  were  obtained 
using  the  1,500-lb  force-moment  C.C.  balance  illustrated  in  Fig.  1. 

Using  the  system  natural  frequency  and  the  system  damping  factor  obtained  by 
Buchanan  in  Ref.  4,  the  roll  data  reduction  equation  was  first  applied  to  the  cross-coupling 
roll  data  assuming  c^  to  be  zero.  The  corrected  and  uncorrected  data  are  illustrated  in 
Fig.  12.  The  correction  equation  used  was 

M*  =  0.868  eio  033  m;  (8) 
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The  largest  absolute  correction  was  obviously  made  to  the  data  of  the  highest  magnitude.  In 
this  case  the  magnification  effect  resulting  from  balance  dynamics  was  the  overwhelming 
correction  influence.  On  the  other  hand,  the  low  magnitude  data  actually  had  a  larger 
percentage  correction  in  many  cases  attributable  to  the  gage  mechanical  damping  phase  shift 
effects.  In  one  case  where  Q  +  C.  was  near  zero,  the  correction  even  caused  a  sign  reversal 

q  o  * 

from  the  original  data.  However,  these  magnitudes  are  too  low  to  be  of  practical  interest  to  a 
user  of  the  data. 

Since  the  direct  roll  damping  data  were  also  available  from  this  test  program,  the  same 
data  were  reduced,  including  the  effects  of  the  aerodynamic  damping  (c,^  )  on  the  data. 

The  correction  equation  including  the  effects  of  c,^  is 

^aero 

Mx  =  0.869  (9) 

These  data  have  not  been  plotted  since  the  added  aerodynamic  damping  effect  produced  no 
noticeable  change  in  the  corrected  data. 

The  effects  of  the  correction  of  the  SDM  data  are  illustrated  in  Fig.  13.  Because  of  the 
low  moment  of  inertia  (I,)  of  the  SDM  model,  the  ratio  of  the  oscillation  to  total  natural 
frequency  was  relatively  low  and,  consequently,  the  correction  was  fairly  small.  The 
equation  used  to  correct  these  data  was 

Mx  =  0.971  e!0  00>  m;  (10) 

This  correction  equation  includes  the  effect  of  aerodynamic  damping,  which  was  known 
from  direct  derivative  tests  of  the  same  model. 

The  correction  equations  for  the  fighter  data  and  the  SDM  data  indicate  minimum 
corrections  of  13  and  3  percent,  respectively.  In  these  cases  no  extremely  large  corrections 
occurred  because  the  phase  angle  of  the  balance  signal  was  not  near  a  multiple  of  90  deg. 
Had  this  occurred  in  conjunction  with  the  phase  correction  required  for  the  flghter  data, 
large  corrections  in  the  data  could  have  occurred.  In  fact,  this  did  occur  on  several  of  the 
data  points,  but  the  magnitude  of  the  coefficients  in  these  cases  was  small  enough  to  render 
the  moments  themselves,  let  alone  the  correction,  unimportant.  Since  the  phase  of  the  cross 
or  cross-coupling  rolling  moment  is  configuration  and  attitude  sensitive,  it  is  almost 
impossible  to  predict  from  one  model  to  another  whether  the  corrections  will  be  significant. 
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7.0  CONCLUSIONS 

The  equations  of  motion  for  the  two  C.C.  balances  used  at  AEDC  have  been  derived  and 
presented  for  use  in  future  cross  and  cross-coupling  data  reduction  procedures.  These 
equations  enable  statically  obtained  balance  gage  sensitivities  to  be  used  in  the  reduction  of 
dynamic  loads.  Although  all  balance  motions  must  be  measured  and  accounted  for  in  order 
to  deHne  an  external  load  exactly,  only  the  primary  motions  have  been  included  in  these 
derivations.  These  include  the  motions  for  which  the  balances  are  gaged,  the  lateral  rotation 
of  the  balance  roll  gage  element,  and  two  degrees  of  freedom  of  sting  motion.  The  primary 
deflections  of  the  balance,  i.e.,  the  motions  for  which  the  balance  is  gaged,  have  been 
measured  under  load,  and  have  been  shown  to  be  the  most  significant  deflections  of  the 
balance.  On  the  other  hand,  the  lateral  rotational  motion  of  the  roll  gage,  which  was  also 
included  in  the  equations  of  motion,  proved  to  be  insignificant.  ✓ 

Selected  cross-coupling  roll  data  previously  obtained  in  the  laboratory,  as  well  as  some 
selected  wind  tunnel  roll  data,  were  corrected  using  the  dynamic  equations.  The  effects  of 
corrections  afforded  by  the  dynamic  equation,  the  effects  of  ignoring  aerodynamic  damping 
in  the  measurement  of  cross  and  cross-coupling  derivatives,  and  the  results  of  the  balance 
deflection  measurements  are  summarized  in  the  following  concluding  remarks: 

1.  The  primary  deflections  undergone  by  the  two  subject  balances  are  indeed  the 
deflections  for  which  the  balances  are  gaged. 

a.  The  lateral  rotational  deflections  of  the  roll  gage  elements  are  small  if  at  all 
measurable  and  can  be  excluded  from  the  equations  of  motion. 

b.  The  rotational  (bending)  deflection  of  a  gage  element  primarily  designed  for 
translational  (shear)  deflection  is  measureable.  The  definition  of  the  externally 
applied  dynamic  loads  would  be  more  exact  by  including  measurements  of  these 
deflections,  although  the  effect  on  accuracy  would  be  small. 

2.  The  use  of  the  dynamic  equations  of  motion  in  correcting  cross-coupling  roll  data 
has  shown  varied  effects  on  dynamic  moment  calculation. 

a.  The  roll  equation,  for  which  the  correction  magnitude  varies  inversely  with  the 
natural  frequency  of  the  dual-balance  system  in  roll  corrected  the 

laboratory  roll  data  to  within  two  percent  of  the  applied  cross-coupling  load. 
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b.  Application  of  the  dynamic  roll  equation  to  data  from  a  modern  fighter  aircraft 
resulted  in  significant  correction  (13  percent)  to  the  higher  magnitude  data. 

c.  Application  of  the  dynamic  roll  equation  to  data  from  the  Standard  Dynamics 
Model  taken  with  the  subject  force-moment  balance  system  resulted  in  relatively 
small  corrections  (<3  percent). 

d.  It  is  unlikely  that  a  general  rule  regarding  the  significance  of  the  correction  to 
dynamic  data  from  varied  models  will  be  established,  since  the  magnitude  of  the 
correction  depends  on  the  phase  of  the  cross-coupling  moment  signal,  which  is 
configuration  and  attitude  dependent. 

3.  Neglecting  aerodynamic  damping  in  the  calculation  of  cross  or  cross-coupling 
moments  could  result  in  significant  percentage  errors  in  the  damping  moment  when 
measured  phase  angles  are  near  0  or  180  deg. 

The  details  of  the  work  which  led  to  these  conclusions  are  presented  in  Appendixes  A 
through  D.  The  balance  deflection  mode  determinations  and  the  equation  of  motion 
derivations  which  result  from  mathematically  modeling  the  confirmed  deflection  modes  are 
presented  in  Appendixes  A  and  B,  respectively.  Methods  for  determining  the  equation 
constants  are  discussed  in  Appendix  C,  and  the  possible  effects  of  neglecting  the 
aerodynamic  damping  constants  when  they  are  not  available  are  discussed  in  Appendix  D. 

In  the  process  of  providing  a  systematic  development  of  the  equations  of  motion,  several 
forms  of  the  equations  have  been  presented  in  Tables  1  through  5.  The  equations  which 
provide  the  most  accurate  reduction  of  the  aerodynamic  moments,  and  which  require  only 
those  measurements  for  which  the  subject  AEDC  balances  are  currently  instrumented,  are 
the  roll  equation  of  Table  3  and  the  pitch/yaw  equations  including  sting  motion  of  Tables  4 
and  S.  Inclusion  of  additional  degrees  of  freedom  in  the  equations  of  motion  is  ineffectual 
unless  the  measurement  of  additional  balance  or  support  deflections  is  made  possible 
through  additional  balance  instrumentation. 
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Figure  1 .  The  1 ,500*lb  force-moment  balance  used  for  measurement  of  cross 
and  cross-coupling  derivatives. 
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a.  Cross-coupling  moment  balance  details 
Figure  2.  The  1 ,500-lb  moment  balance  used  for  measurement  of  cross 
and  cross-coupling  derivatives. 
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Note;  Balances  as  sho'‘'n  are  in  the  proper  mounting  orientation  for  oscillation 
of  a  wind  tunnel  model  in  yaw.  For  pitch  oscillation  the  cross  tlenure 
balance  must  be  rotated  90 deg  relative  to  the  cross-coupling  balance. 

The  force-moment  balance  system  permits  similar  mounting  orientations 
between  the  cross  flexure  and  the  cross-coupling  balances. 


b.  Cutaway  view  of  cross  flexure  balance  mounted 
internal  to  the  cross-coupling  moment  balance. 
Figure  2.  Concluded. 
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a.  Pitch  plane  models  (side  view  of  baiance) 

Figure  3.  Thrae-degree-of-fraedom  models  of  the  pitch  and  yaw  planes  of  the 
force-moment  baiance. 
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Balance 

Front 


theC.  F.  belancel 


In-Plane  Motion  (Balance  motion  in  the  jaw  plane  resulting 
from  the  forced  oscillation  of  the  talance  in  the  yaw  piane 
with  the  C.F.  balance) 


b.  Yaw  plane  models  (elevation  view  of  balance) 
Figure  3.  Concluded. 
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Note;  Models  are  Illustrated  with  pitch  plane  nomenclature. 
Models  also  apply  to  the  yaw  plane  with  the  deflection 
and  load  symbols  changed. 


a.  Out-of-plane  motion  (balance  motion  In  the  pitch  (or  yaw)  plane  resulting  from 
the  forced  oscillation  of  the  balance  in  the  yaw  (or  pitch)  plane  with  the 
C.F.  balance) 


b.  In-plane  motion  (balance  motion  in  the  pitch  (or  yaw)  plane  resulting  from 
the  forced  oscillation  of  the  balance  in  the  pitch  (or  yaw)  plane  with  the 
C.F.  balance 

Figure  4.  Three-degree-of-freedom  modeis  of  the  pitch  or  yaw  plane  of  the  moment 
balance. 
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from  Ihe  forced  oscillation  of  the  balance  In  the  ysw  plane  with 
theC.F.  balance) 


from  the  forced  oscillation  of  the  balance  i  n  the  yaw  plane 
with  the  C.  F.  balance! 


a.  Pitch  plane  {side  view  of  balance) 

Figure  5.  Two-degree-of-freedom  models  of  the  pitch  and  yaw  planes  of  the 
force-moment  balance. 
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Balance 
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Ool-of-Plane  Motion  iBalance  motion  in  the  yaw  plane  resulting 
trora  the  torced  oscillation  of  the  balance  in  the  pitch  plane 
viiith  the  C,  F.  balancel 


In-Plane  Motion  (Balance  motion  In  the  yaw  plane  resulting 
from  the  forced  oscillation  of  the  balance  in  the  yaw  plane 
with  the  C.F.  balance) 


b.  Yaw  plane  models  lelevation  view  of  balance) 
Figure  5.  Concluded. 
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Balance 

Front 


a.  Out'Of'plane  motion  [balance  motion  in  the  pitch  (or  yawl  plane  resulting  from 
forced  oscillation  of  the  balance  In  the  yaw  (or  pitch)  plane  with  the  C.F.  balance) 


Note:  Models  are  illustrated  with  pitch  plane 
nomenclature.  Models  also  apply  to 
the  yaw  plane  with  the  deflection 


Balance 

Rear 


b.  In-plana  motion  (balance  motion  in  the  pitch  (or  yaw)  plane  resulting  from  the 
forced  oscillation  of  the  balance  in  the  pitch  (or  yaw)  plane  with  the  C.F.  balance) 
Figure  6.  Two-degree-of -freedom  model  of  the  pitch  or  yaw  plane  of  the  moment 
balance. 
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Balance  Station,  in. 


t|»l>=a00816deg  i|<2  ■  a  00372  deg  ipj-aOlSSdeg 

yi  =  0.000553  in.  >2’ a 0000601  in,  ^-0* 

*  was  assumed  to  be  zero  since  this  measurement  was  not 
possibie  with  the  measurement  technique  used. 

Balance  Section  Load  IVteasured 

2  Side  Force 

4  Rolling  Moment 

6  Yawing  Moment 

Note:  Balance  Sections  1,  3,  5,  and  7  are  assumed  to  be  rigid. 

Figure  7.  Yaw  plane  deflection  modes  of  the  force-moment  balance. 
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Note:  ka  and  Cn  must  be  included  in  the  out-of 'plane  (Gh  -  0)  model  (not  illustrated), 
^ero  ^ero 

as  shown  in  Fig.  3a. 


a.  Pitch  plane  model  of  in-plane  motion  (side  view  of  balance  and  sting) 
Figure  9.  Dynamic  model  of  the  threa-degree-of-freedom  force-moment  balance 
system  including  two  degrees  of  freedom  of  the  supporting  sting. 
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Note:  (1)  Model  is  illustrated  with  pitch  plane  nomenclature. 

Model  also  applies  to  the  plane  with  the  deflection  and  load  symbols  changed. 
(2)  a ndcg^^^^  must  be  included  in  the  out-of-pIane(0Q  =  O)  ' 

model  (not  illustrated),  as  Shown  in  Fig.  4a. 
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Measured  Load 
Applied  Load 
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a.  2  0. 3  0. 4  0. 5 

Oscillation  Frequency/Roll  Natural  Frequency 


Figure  1 1 .  Laboratory  roll  data  corrected  using  the 
multi-degree-of-freedom  approach. 


37 


AEDC-TR-81-34 


Table  1 .  Pitch/Yaw  Equations  of  Motion  for  the  Force-Moment  Balance 

a.  Pitch  Plane 

OotoOf-Plane  2-DOF  Motion  (Assnmes  Roll  Section  Rigid  in  Pitch  and  Yaw) 

•0)^  Si[li  -I-  Ij  +  +  kjGi  -f  +  CiajiGj 

+  ^«a«ro 

"^01  [1*3^3]  -I-  kjZj  -I-  CjwiZj  = 

Oul'Of'Plane  3-DOF  Motion  (Assumes  Roll  Section  Compliant  in  Pitch  and  Yaw) 

-I-  I2  -t-  I3  +  ntiflji  +  *“3^53]  ■  4  +  ni2^2(^c2"  ^2) 

+  m3^3(<fc3  -  ^2)]  +  “^Z3[m3^3]  +  kiGj  +  +  SJ  -i-  CjiuS,  +  Cg^^iu} 

(S,  +  @2)  =  M, 

u2@,[in3^3]  +  w2G2[nij(i^  -  fj)]  *  -I-  kjZs  -f  CjuiZ3  = 

In-Plane  2-DOF  Motion  (Assumes  Roll  Section  Rigid  in  Pitch  and  Yaw) 

-cij^Gjfl^  -h  I3  -I-  1113(1^]  -f-  u^Z3[m3tc3]  -I-  k]Gi  -I-  CjCiji^  -  iij^§o 

[ll  +  I3  +  ™|^Cl(^l  ■  0  +  ®3^3(^C3  ■  01  =  Ml 

w2Gi[m3^3]  -  w2Zj[m3]  k3Z3  -I-  C3ici>Z3  -  a)^3Q[m3(^  - 1^3)]  =  F^ 

In-Plane  3-DOF  Motion  (Assumes  Roll  Section  Compliant  in  Pitch  and  Yaw) 

+  I2  I3  +  >^2^  ■  “^^2[^2  ^3  ™2?C2(^2 ' 4)  "*■  ™3^3 

(^3  -  4)1  «^Z3[in3l’c3]  -  w^Go[li  +  I2  -I-  I3  +  ni|4:i(4:i  “  ^  +  •’^24:2(4:2  ■  4) 

+  ro34;3(4:3  -  4)1  +  ^1^1  +  c,wiG,  =  M, 

ciP§i[m3Hi-3l  -I-  u2G2[ni3(fc3  -  4)1  -  ci;^Z3[m3]  -  {j>^GD[m3(4  -  4:3)1  "*■  ^3^3  ■*"  C3tijiZ3  =  F^ 


\ 
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Table  1 .  Concluded 
b.  Yaw  Plane 

Onl-Of-Plane  2-DOF  Motion  (Assumes  Roll  Section  Rigid  In  Pitch  and  Yaw) 

-u2Yj[mi  +  m3]  +  £.jif3[m3(^3  -  ^)]  +  k,Y,  +  c,wiYi  = 

-Uj2Y,[(  -  m3)(l'c3  -  f3)]  -  o2^3[l3  +  (m3)(fc3  ’  +  ^3*3  + 

+  =  Mj 

Out-Of-Plane  3-DOF  Motion  (Assumes  Roll  Section  Compliant  in  Pitch  and  Yaw) 

-«2Yj[mj  +  m2  +  m3]  +  (i^^^2[ni2(^2  ■  O  ^03(1^3  •  ^2)]  ^^3 

+  kiYi  +  CiwiY,  =  Fy 

-  q>2Yi[(  -  - 1^]  -  +  (m3)(lt3  -  0(^3  -  ^)1  -  ‘^♦3[l3  +  (m3) 

(ta  -  '3)^  +  +  ^3]  =  ^3 

In-Plane  2-DOF  Motion  (Assumes  Roll  Section  Rigid  in  Pitch  and  Yaw) 

-  tij2Y,[m,  +  m3]  +  «2f3[m3(lt3  -  i^)]  -  «2fo[m,4)  + 

+  CjwiYj  =  Fy 

-  -  mjXfca  -  ti)]  -  +  (mj)(lb3  -  '  ^3) 

(^3  ■  ■*'  +  C3«i^3  =  M3 

In-Plane  3-DOF  Motion  (Assumes  Roll  Section  Compliant  in  Pitch  and  Yaw) 

-Ctf2Yi[m,  +  m2  +  mj]  +  «2$2[m2(^2 ' 4)  +  mj(4;3  -  ^1  +  w2^3[(<C3  -  <3)(m3)] 

+  ni2((o  -  tlca)  +  ni3(^  -  ^3)]  +  k|Yi  -  CjwiYj  =  Fy 

■  -  m3)(^3-  £3)]-  ci}2'J2[l3  (m3)(<c3  ■  4)(^3  ■  4)1  ■  +  (m3){^3  -  ^3)^] 

-  «2^o[l3  -  (m3)(fo  -  4:3)(4:3 "  4)1  "*■  ^3^3  ■*"  ^awi'^a  =  M3 
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Table  2.  Pitch-Yaw  Equations  of  Motion  for  the  Moment  Balance 
Out-Of-Piane  Motion  (2-DOF-Assumes  Rigid  Roll  Section) 

-u)2§,[lj  +  +  Ij  -I-  m^e^]  -  a,2e3[l3  +  11131^3(^03  '  ^3)]  +^,01  +  ia«iGi 

+  =  M, 

-  Cil^3|[l3  +  1113^3(^3  -  -  («j2S3[l3  +  m3(i|n3  ■-  +  k303  -I-  ici]C3@3 

+  ^e>acrol®l  ■*■  ‘“^9aerot®l  ^  ^3 

Out-Of-Plane  Motion  (3-DOF- Assumes  Complaint  Roll  Section) 

-w2@i[lj  +  I2  +  I3  +  mj^j  nijlgj  +  mjf^]  - 

[I2  +  I3  +  ■  ^2)+  ™33^3(^3  -  #2)]  '  “^03[l3  +  "33fJ;.3(^3  -  £3)] 

+  kjg,  +  ia)C,0,  +  +  §2+  S3]  +  +  ©2  +  S3J  = 

-  <U^Sj[l3  +  3333^3(^3  ■  ^)I  ■  W^S2[l3  +  m3(^3  -  ^)(<C3  •  ^2)] 

-  £d2Sj[I3  -I-  m3(^3  -  +  k303  +  i<i;C3S3  +  kp^[0,  +  02  +  93] 

’"'^«aeroI®l  +  Sj  +  @3]  =  Slj 

In-Plane  Motion  (2-DOF-Assumes  Rigid  Roll  Section) 

-w20,[l,  +  +  I3  +  -  «293[l3  +  -  4)]  +  +  i"C,9i 

-  w20(}[li  +  I3  +  3331^1(101  ■  0  +  3313^3(^^3  *  ^0)]  = 

-  CiJ^9i[l3  +  1113^3(^03  ■  ^3)]"  <*’^©3[^3  ■*■  3313(^03  ■  +  ^303  +  iuC393  - 

[I3  +  013(103  ■  0(^3  *  “  ^3 

In-Plane  Motion  (3-DOF- Assumes  Compliant  Roll  Section) 

-w20i[lj  +  I2  +  I3  +  m,£5,  +  m2£^^  +  raj^j]  -  +  I3  +  m2l^2(^2 ' 0 

+  ni3fj-3(l!03  -  t^]  -  fc>203[l3  +  013(03(^3  -  +  k,0j  +  iuCjOj  -  {o^Sq 

[l|  +  I2  ■*■  ^3  *^l^Cl(^Cl  ■  0  3112(02(^02  “O'*"  31l3(03(f03  -  =  M] 

-  u20j[l3  +  103^3(103  -  ^)]  -  w202[l3  +  m3((03  -  i3)((c3  "  0  ‘  “^©3^3 
+  m3(£c3  -  £3)^]  +  k393  +  10,0303  ’  ""©oLlj  +  m3(^3  -  ^)(lt3  -  Q]  = 
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Table  3.  Roll  Equations  of  Motion 

-  0>2l3($,  +  +  $3  +  $f)  +  +  ioJC2$i  +  +  ^  +  $3  +  $f)  =  Mx 

(0 

k2^  =  Standard  moment  measurement  obtained  from  the  balance  roll  gage  using  a 
static  gage  sensitivity 

‘^ntoia]  ~  Natural  frequency  of  the  total  model/balance  system  in  roU 

Cj  =  Mechanical  damping  of  roll  gagc'»  Appendix  C  for  dime 
k2  =  Spring  constant  of  roll  gage  ^  constant  determination  details 

^♦aero  ~  Aerodynamic  damping  in  roll 

^^totai  =  Spring  constant  of  total  two-balance  system  in  roll 
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Table  4.  Equations  of  Motion  for  the  Force-Moment  Balance  including 
Two  Degrees  of  the  Supporting  Sting 
a.  Pitch  Plane 

02^2  ^2^s  kjZj  + 

-  w^AjGi  +  +  CjZ  3  +  DjGj  +  EjZj  +  FjGg)  +  kjG]  + 

(Gi)  +  0,  +  G,  +  Gj)  +  CiwiGi  +  +  Gj  +  6,  +  Gj)  =  Mj 

ConsUmt  Definitions 

3-Degree-Of-Freedoni  Balance  (Fig.  3b)  2-Degree-Of-Freedoni  Balance  (Fig. 

5a) 

~  ^1  +  I2  +  I3  +  ^1^1  ^1  “  ^3  ^ 

+  mjfgj  +m3(g3 

Bi=  l2  +  l3+"'2^C2(fc2“4)  0 

+  m3lc3(lc3  -  Q 

Cl  =  -  “>3^3  Cj  =  - 

F]  =  Di  =  I|  +  I2  +  I3  +  -  4)  “  ^1  “  ^1  ^3  +  ^ 

+  012^2(^2  “  ^  +  ™3t3(^C3  “  ^ 

+  “  <o) 

El  =  -  m|^j  -  m2^c2  ~  *^3lc3  “  ™3^C3 

A2  =  -  ni3l(;3  A2  =  -  nt3lc3 

®2  “  “  ^3(^3  ~  ^  B2  =  0 

Notes;  (1)  For  out-of-plane  motion  Gg  =  0 

(2)  For  in-plane  motion  kd  and  c«  terms  should  be  omitted  since 
^  ®aero  'aero 

they  are  the  measured  loads,  i.e.,  the  direct  derivatives. 
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Table  4.  Concluded 
b.  Yaw  Plane 

-  w2(A,Yi  +  BjTj  +  C1T3  +  DiTs  +  E,Ts  +  F,To)  +  kiY,  +  CjiaiY,  =  Fy 

-  «2(A2Yi  +  B2*2  +  C2T3  +  DzTj  +  EjY,  +  FjTq)  +  ^3^3  +  C3‘“*3 

‘'t^aero(*3  +  ♦z  +  *0  +  +  «W“(*3  +  *2  +  *0  +  '*5)  =  ^3 

I 

CoDstant  DeHnitions 


3-Degree-Of-Freedom  Balance  (Fig.  3b) 

Ej  =  A]  =  ni]  +  nij  +  m3 

Bj  =  -  -  J^3(^C3  ”  ^ 

Cl  =  -  m3(l!c3  “  %) 

F]  =  D|  =  +  tn2(^  -  ^ca)  ■*■  ^3^%  ■"  ^3) 

^2  =  A2  =  (-  in3)(it3  - 

®2  =  ^3  +  ("33)(t3  "  0(^3  “  ^3) 

^2  =  ^3  +  (''^3)(^C3  “ 

F2  =  *^2  =  *3  “  (™3)(^C3  “  ^3)(^  “  ^3) 


2-Degree-Of-Freedoni  Balance  (Fig. 
5b) 

E|  =  A|  =  nil  ^3 
B,  =  0 

Cl  =  -  013(^3  -  f3) 

Fi  =  Di  =  mi^  +  m3(<Q  -  ^3) 

E2  =  A2  =  -  ni3(<c3  -  ^3) 

B2  =  0 

C2  =  I3  +  (in3)(fc3  “ 

F2  =  ^2  =  *3  -  ('"3)(fe3  -  %) 
(%  “  ^cs) 


Notes:  (1)  For  out-of-plane  motion  0o  =  0 

(2)  For  in-plane  motion  and  terms  should  be  omitted  since  they  are  the 

measured  loads,  i.c.,  the  direct  derivatives. 
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Table  5.  Equations  of  Motion  for  the  Moment  Balance  Including 
Two  Degrees  of  Freedom  of  the  Supporting  Sting 

—  a>^(Ai0,  +  Bi02  +  CjSj  +  DjGj  +  EjZj  +  Fje^)  +  kjOj  +  +  ©j 

+  0j  +  0(j)  +  C]<i>i6j  +  Cj^^«i(03  +  ©2  +  0]  +  ©5  +  0q)  =  M| 

-  w2(A20i+  B202  +  C203  +  D20S  +  E2ZJ  +  F20^  +  k3e3  +  +  02+0, 

+  ©s  +  ©o)  +  c^aQ^  +  ©2  +  +  ®s  +  ©o)  =  M3 

Constant  Definitions 

3-Degree-Of-Freedoin  Balance  (Fig.  4)  2-Degree-Of-Freedom  Balance  (Fig.  6) 

Aj  =  I,  +  I2  +  I3  +  +  ni2^  +  I3  + 

+  013^ 


B,  = 

I2  +  I3  +  ni2fc2(?C2  ~  0 

+  m3^3(i!(^3  -  ^ 

B,  =  0 

II 

u” 

II 

< 

I3  •"3^C3(^3  “  ^3) 

A2  =  C|  =  I3  +  m3(|^3(^3  -  f 

D,  =  Fi  = 

It  +  I2  +  I3  + 

(%:i  “  ^  ~  0 

D,  =  Fj  =  I|  +  I3  +  mj^i 

(fcl  “  %) 

E,  = 

E,  =  -  ^jm,  -  fc3™3 

B2  = 

I3  +  m3(^Q3  -  ^(^C3  -  4) 

Bj  =  0 

C2  = 

h  +“3(^3  - 

C2  =  I3  +  103(^3  - 

D2  =  Fj  = 

I3  +  m3(^3  -  ^(^C3  “  0 

©2  =  F2  =  I3  +  m3(^3  -  Q 

(fe  “ 

E2  = 

“  *"3(^3  ~  ^3) 

E2  =  -  m3(^3  - 

Notes:  (1)  For  out-of-plane  motion  ©q  =  0. 

(2)  For  in-plane  motion  kg  and  cg  terms  should  be  omitted  since  they  are  the 

^Bcro  '^aero 

measured  loads,  i.e.,  the  direct  derivatives. 
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APPENDIX  A 

BALANCE  DEFLECTION  MODE  DETERMINATIONS 

To  interpret  data  obtained  from  a  dynamic  balance  system  correctly,  an  accurate  model 
of  the  system  must  be  assumed  from  which  the  equations  of  motion  are  derived.  Naturally, 
the  most  accurate  model  would  include  both  a  translational  and  a  rotational  degree  of 
freedom  at  each  flexible  balance  station  and  in  each  plane,  i.e.,  sb(  degrees  of  freedom  must 
be  assumed  and  measured  at  each  flexible  station.  However,  the  physical  size  of  strain  gages 
relative  to  the  space  available  for  gage  placement  on  a  small  balance  renders  this  approach 
all  but  impossible.  Even  if  the  instrumentation  were  possible,  the  additional  accuracy  gained 
from  measuring  all  of  these  deflections  would  not  be  cost  efficient.  The  most  practical 
approach  is  to  determine  the  primary  deflection  modes  of  a  balance  at  each  flexible  station, 
instrument  the  balance  to  measure  these  deflections  and  corresponding  loads,  and  write  the 
system  equations  in  terms  of  these  primary  deflections  only. 

If  a  balance  is  designed  to  measure  a  moment  at  a  particular  station,  its  primary 
compliance  is  in  rotation  at  that  station  since  the  gage  must  sense  strain  attributable  to 
bending  to  provide  an  electrical  output  proportional  to  moment.  It  is  kept  as  rigid  as 
possible  in  all  other  degrees  of  freedom  to  limit  the  extraneous  motions  which  are  not  meas¬ 
ured.  In  a  similar  manner,  if  a  balance  is  designed  to  measure  a  force  at  a  particular  station, 
its  primary  compliance  is  translational  at  that  station.  To  confirm  these  primary  modes  of 
deflection  of  the  force-moment  C.C.  balance,  holographic  interferometry  was  used  to 
provide  a  graphic  illustration  of  the  balance  deflections  under  load  over  the  entire  length  of 
the  balance.  The  technique  involves  the  superpositioning  of  a  deflected  balance  image  onto 
the  holographically  reconstructed  image  of  an  undeflected  balance.  To  the  extent  that  the 
wavefront  propagation  directions  of  the  two  images  have  changed,  interference  fringes  form 
that  are  observed  superimposed  on  the  image  of  the  balance.  The  wavefronts  will  interfere 
destructively  at  points  where  the  distance  of  deflection  is  an  odd  multiple  of  half  the  light 
wavelength,  and  constructively  where  the  distance  is  an  even  multiple  of  half  the  wavelength. 
Each  successive  fringe  represents  the  deflection  of  an  additional  wavelength.  A  raw  data 
record  of  such  measurements  takes  the  form  of  a  photograph  as  illustrated  in  Fig.  A-1, 
where  the  force-moment  balance  is  illustrated  under  a  nominal  30-lb  load  (directed  into  the 
page)  along  with  the  optical  fringes. 

To  obtain  the  deflection  data  the  balance  was  rigidly  mounted  horizontally  on  an  optical 
isolation  table  by  the  end  which  is  normally  attached  to  the  sting,  A  load  was  applied  to  the 
free  end  of  the  balance  horizontal  to  the  table  and  in  a  direction  normal  to  the  balance  axis, 
as  illustrated  in  Fig.  A-2.  The  balance  was  viewed  and  data  images  recorded  from  the  side  of 
the  balance  opposite  to  that  of  the  load  application,  i.e.,  the  free  end  of  the  balance 
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deflected  away  from  the  imaging  plane.  The  balance  was  illuminated  with  a  He-Ne  laser 
providing  a  coherent  light  source  with  a  wavelength  of  0.6328  /un.  A  diagram  of  the  optical 
set-up  is  shown  in  Fig.  A-2. 

The  deflection  curves  illustrated  by  the  balance  while  under  a  nominal  30-lb  load  are 
illustrated  in  Fig,  A-3.  The  deflection  curve  of  the  yaw  plane  shown  in  Fig,  A-3a  was 
obtained  from  the  raw  data  photograph  shown  in  Fig.  A-1.  The  difference  between  the 
deflection  mode  of  the  forward  station  (force  gage)  and  the  aft  station  should  be  noted.  The 
yaw  plane  of  the  forward  station  is  gaged  for  force  measurement  and  is,  therefore,  designed 
for  primary  compliance  in  translation,  whereas  the  aft  station  is  gaged  for  moment 
measurement  and  undergoes  a  primarily  rotational  deflection.  The  deflection  curve  (Fig. 
A-3a)  shows  this  station  indeed  to  be  undergoing  a  translational  deflection  much  larger  than 
the  translational  deflections  of  the  other  stations. 

Besides  providing  a  verification  of  the  primary  deflection  modes  of  the  balance,  the 
balance  deflection  measurements  used  in  conjunction  with  the  known  loads  applied  to  each 
of  the  balance’s  flexible  stations  provided  data  for  obtaining  spring  constants  of  each 
From  the  series  of  three  different  loads  hung  in  each  balance  plane,  both  the  translational 
and  the  rotational  spring  constants  of  each  of  the  three  flexible  stations  of  the  force-moment 
balance  were  calculated.  The  resulting  constants  are  tabulated  in  Table  A-1,  The 
translational  spring  constants  of  the  aft  yaw  station  and  the  forward  pitch  station  were 
impossible  to  calculate  because  of  the  discontinuity  in  the  model  surface  at  these  points,  as 
illustrated  for  the  aft  yaw  station  in  Fig.  A-1 .  However,  knowledge  of  these  constants  is  only 
academic  since  these  are  not  the  primary  degrees  of  freedom  of  their  respective  stations. 

The  measurements  discussed  above  and  the  resulting  constants  tabulated  in  Table  A-1 
were  obtained  during  a  feasibility  study  of  this  proposed  calibration  technique.  The  data 
obtained  do  not  reflect  the  kind  of  precision  required  from  a  pretest  calibration  to  be  used 
for  actual  wind  tunnel  data  reduction.  The  study  did  lead  to  some  conclusions  regarding 
some  possible  improvements  that  could  be  made  to  enable  a  more  accurate  calibration.  The 
conclusions  are  listed  below  along  with  some  discussion: 

1 .  A  calibration  body  should  be  used  which  allows  the  application  of  a  broad  range  of 
applied  moments  about  each  gage  while  keeping  the  shear  force  constant,  or  vice 
versa. 
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2.  Rather  than  displaying  the  fringes  on  the  balance  itself  to  get  angular  deflections, 
long  fringe  imaging  planes  should  be  attached  to  the  balance  sections  on  either  side 
of  the  element  to  be  calibrated.  This  would  enable  a  higher  fringe  count  over  a 
known  distance,  reducing  the  uncertainty  in  the  angle  of  rotation.  This  would 
necessitate  the  calibration  of  one  element  at  a  time. 

3.  For  calibration  of  the  force  (translational)  gages  or  springs,  the  beam  which  is 
undergoing  “S**  bending  and  on  which  the  fringes  must  be  displayed  and  counted 
should  be  viewed  and  illuminated  perpendicular  to  the  center  of  the  beam  such  that 
shadows  do  not  hamper  the  accurate  fringe  count  on  the  beam. 

4.  A  large  number  of  points  should  be  taken  on  each  spring,  enabling  a  better 
definition  of  the  uncertainty  of  the  resulting  spring  constant. 

5.  Each  spring  should  be  calibrated  in  both  directions  of  load  application. 

6.  The  use  of  a  dual  beam  interferometry  technique  should  be  attempted  to  obtain  a 
more  accurate  measurement  of  the  translation  across  a  force  gage.  This  technique 
would  use  a  laser  beam  reflected  from  each  side  of  the  translational  gage  using  two 
retroreflectors  secured  to  the  balance  surface.  If  the  distance  between  the  parallel 
beams,  the  angular  deflection  from  a  previous  angular  calibration,  and  the  phase 
shift  between  the  two  light  beams  are  known,  the  translational  deflection  could  be 
determined. 
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Figure  A-1.  Photographic  record  of  the  yaw  plane  deflection  of  the  force-moment 
balance. 
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Figure  A-2.  Optical  arrangement  for  holographic  interferometry  measurements. 
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Balance  Station,  in. 

2.5  3.5  4.5  5.5  6.5  7.5 


was  assumed  to  be  zero  since  this  measurement  was  not 
possible  with  the  measurement  technique  used. 

Balance 

Section  Load  Measured 

2  Side  Force 

4  Rolling  Moment 

6  Yawing  Moment 

a.  Yaw  plane  deflections 

Figure  A-3.  Deflections  of  the  force-moment  balance. 
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Balance  Station,  in. 

2.5  3.5  4.5  5.5  6.5  7.5 


”  0. 01853  deg  S2  .■  0. 00175  deg  6^  «  -0. 00728  deg 

Zj-O*  Z2  -  0.000057310.  23 » tt  00008M5  in. 

*Zj  was  assumed  to  be  zero  since  this  measurement  was  not 
possible  with  the  technique  used. 

Balance  Section  Load  Measured 

2  Pitching  Moment 

4  Rolling  Moment 

6  Normal  Force 

b.  Pitch  plane  deflections 
Figure  A-3.  Concluded. 
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Table  A-1.  Force-Moment  Balance  Spring  Constants  Determined 
From  Interferometer  Measurements 


Pitch 

Translation 

(Ib/in.) 

Pitch 

Rotation 

(in,-lb/deg) 

Yaw 

Translation 

(Ib/ln.) 

'  Yaw 
Rotation 
■  (in.-Ib/deg) 

Aft 

Gage 

Station 
/Balance  \ 
vSection  Six/ 

425,000* 

(±14%) 

Note  2 

Note  3 

2,910* 

(±7%) 

Roll 

Gage 

Station 

/Balance  \ 

vSection  Four/ 

711,000 

(±32%) 

49,400 

(±6%) 

556,000 

(±11%) 

Note  2 

Forward 

Gage 

Station 

/Balance  \ 

VSection  Two/ 

Note  3 

7,110* 

(±6%) 

59,300* 

(±8%) 

17,300 

(±6%) 

NOTES:  (1)  The  spring  constants  quoted  represent  the  average  of  three 
measurements.  The  uncertainty  band  centered  about  this  average 
which  would  include  all  three  values  is  indicated  below  each  average 
spring  constant. 

(2)  These  spring  constants  were  negative.  Because  of  the  unlikely  event 
that  a  negative  deflection  could  result  from  a  positive  load,  these 
spring  constants  were  considered  to  be  in  error.  It  is  likely  that  this 
error  resulted  from  the  inability  to  measure  this  deflection 
accurately  because  of  the  short  balance  surface  available  for  viewing 
fringes. 

(3)  The  interferometry  method  used  did  not  provide  a  means  for 
measurement  of  this  deflection. 

(4)  The  spring  constants  for  the  degrees  of  freedom  for  which  the 
balance  is  gaged  are  denoted  with  an  asterisk  (*). 
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APPENDIX  B 

DETAILS  OF  BALANCE  EQUATION  OF  MOTION  DERIVATIONS 


The  details  of  the  derivations  of  the  equations  of  motion  for  each  of  the  two  A£DC  dual¬ 
balance,  cross-coupling  systems  are  given  on  the  following  pages.  The  equations  were 
formulated  with  the  Lagrange  approach.  The  moment  balance  system  required  only  one 
C  derivation  for  both  the  pitch  and  yaw  plane  since  all  gages  on  this  balance  are  moment  gages 
and  the  side  and  pitch  planes  can  be  modeled  identically.  On  the  other  hand  the  force- 
moment  balance  required  a  different  model  for  each  of  the  two  planes  of  motion  since  one 
force  and  one  moment  gage  are  used  in  each  plane,  and  the  force  gage  is  forward  in  the  yaw 
plane  and  aft  in  the  pitch  plane.  This  different  relative  orientation  of  the  force  and  moment 
gages  in  the  two  planes  results  in  a  different  model  and  a  somewhat  different  derivation  fdr 
each  plane. 

The  three  pitch  and  yaw  derivations  presented  represent  the  most  complex  cases  that 
would  be  experienced  by  the  balances,  i.e.,  the  balance  roll  section  is  modeled  as  an 
additional  rotational  degee  of  freedom,  the  sting  motion  attributable  to  bending  is  included, 
and  the  primary  forcing  motion  of  the  C.F.  balance  is  included  to  simulate  in-plane  motion. 
The  simpler  cases  which  may  be  of  interest,  such  as  the  case  of  two  degree-of-freedom,  out- 
of-plane  motion  without  sting  motion,  can  be  obtained  from  these  derivations  by  setting  the 
variables  and  related  constants  equal  to  zero  which  do  not  apply  to  the  simpler  system.  For 
example,  if  a  system  is  to  be  considered  which  has  a  completely  rigid  roll  section,  then  the 
variable  can  be  set  equal  to  zero.  The  two  sets  of  mass  and  moment  of  inertia  constants 
included  between  gaged  stations  1  and  3  must  also  be  combined  into  one  mass  and  one 
moment  of  inertia.  Although  it  would  be  possible  to  present  a  derivation  for  any  type  of 
simpler  system  which  could  be  made  from  the  more  complex  system,  an  identical  result 
could  be  much  more  easily  obtained  by  simply  cancelling  terms  in  the  equations  of  the  more 
complex  system. 


The  equations  of  motion  were  derived  from  Lagrange’s  equations,  as  illustrated  below. 


_d_ 

dt 


3L  ^ 

a  Qj  a  Qj 


(B-l) 


Lagrange’s  formulation  requires  the  definition  of  the  dissipation  function  D,  the  generalized 
forces  Qjj,  and  the  Langrangian  L,  which  is  a  function  of  kinetic  energy  (T)  and  potential 
energy  (V). 


Four  separate  derivations  are  presented  in  the  pages  that  follow.  Since  each  derivation 
was  formulated  with  a  specific  model  in  mind,  each  one  is  begun  with  a  diagram  of  the 
dynamic  model  to  which  it  applies.  Following  a  sketch  of  the  dynamic  model,  each 
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derivation  includes  the  following  steps:  (1)  definition  of  the  center  of  gravity  translations 
and  trEuislational  velocities  from  which  kinetic  energy  is  calculated,  (2)  definition  of  the 
potential  and  kinetic  energies,  (3)  definition  of  the  dissipation  function  from  the  velocities 
and  damping  constants,  and  (4)  definition  of  the  generalized  forces  which  apply  to  the 
various  generalized  coordinates.  Following  these  definitions,  the  quantities  are 
differentiated  and  substituted  into  the  general  formula  for  Lagrange’s  equations  given 
earlier  to  yield  the  equations  of  motion. 

The  derivation  of  the  roll  equation  of  motion  applies  to  either  balance  since  they  are 
modeled  identically.  The  roll  derivation  was  somewhat  simpler  since  the  masses  between  the 
springs  were  neglected.  This  was  thought  to  be  a  good  assumption  since  the  spectral  analyses 
of  the  roll  gage  signals  from  both  balances  exhibited  a  single  predominant  frequency, 
indicating  a  relative  absence  of  multiple  modes.  The  final  roll  equation  has  been  written  in  a 
form  involving  the  rolling  moment  gage  reading  (in  moment  units  rather  than  displacement 
units)  and  the  natural  frequency  of  the  total  dual-balance/sting  system. 


Derivation  1 .  The  Moment  Balance  Equation  Derivation 


No(«s:  <ll  Theconslantsio,  ij,  ii.  and  £3 are  measured  positive  (+)  forward  from  tha 

forward  gage  cetner. 

121  F2  and  My  are  the  aerodynamic  torce  and  moment  applied  at  some  location  Ixl  on  the  model  surface. 

(31  For  in-plane  motion  the  terms  involving  the  aerodynamic  damping  spring  constants  should  be 
omitted  troni  the  above  I  llustratlon  and  from  the  derivation  since  they  are  the  loads  IFj  and  My) 
being  measured. 

M)  For  out-of-plane  motion 
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C.G.  Translations 

Zci  =  Zs  +  +  %)  - 

ZC2  =  Zs  +  +  »s)  -  +^  +  Os)  -  (<C2  -  ^2)(0|  +  ffo  +  Os  +  O2) 

Zcj  =  Zj  +  +  Sj)  -  ^(0j  +  ^0  +  Oj)  -  (^3  -  Q{0^  +  Oq  +  Oj  +  ^2) 

-  (^3  -  ^3)(0l  +  ^0  +  Os  +  ^2  +  O3) 

Zb  =  Zj  —  (Ib  ~  O(0o  ■•■  Os) 

I 

C.G.  Translational  Velocities: 

4  =  Zj  -  (4  -  4X4  +  9s) 

41  =  4  +  4(0o  +  Os)  -  4i(0i  +  Oo  +  0 

42  =  ^  +  4(0©  +  Oj)  —  ^(o'l  +  Ofl  +  9s)  -  {^2  “  4)(0i  +  9o  +  +  <>2) 

Zcj  ==  4  +  4(4  +  9s)  -  <2(91  +  Oo  +  9,)  -  O3  -  4)(9,  +  9o  +  9s  +  Oj) 

“  (^2  ~  ^3)(0|  +  4  +  O5  +  92  +  4) 

Kinetic  Energy: 

T  =  +  yiljj  +  V^Ib(9o  +  iY  +  +  6^  + 

+  '/ii^idi  +  9o  +  4  +  4)2  +  1/213(4  +  4  +  4  +  4  +  93)2 

+  14ma[z  +  4(4  +  9;)]2  +  ‘/iin,Izs  +  4(4  + 

-  4i(4  +  4  +  4)1^  +  '<^m2[4  +  4(4  +  4)  -  4(4  +  4  +  fl^) 

~  (^2  “  4)(0i  +  4  +  4  +  4)1^  +  +  ^(4  +  9^ 

-  4(4  +  4  +  4)  -  (^3  -  ^2)(4  +  4  +  4  +  4) 

“  (^C3  “  fj)(Oi  +  4  ■*■  Og  +  4  +  4)1^ 
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Potential  Energy: 

V  =  !^k,z2  +  V2\.^d\  +  '/ikiflf  +  +  ‘/ikjej 

+  ^  +  Aj  + 

[z*  +  li,(%  +  «s)  -  +  ^  +  fls)  -  ('3  -  0 

(®1  +  +  <>s  +  ^  “  (^2  “  ^3)(®1  +  +  ®s  +  ®2  +  ^3)]^ 

Dissipation  Function: 


D  =  '/iC^z'l  +  +  'ACjffj  +  VlC^^  +  ViCjffi  +  i^C8„ro(®3  +  ^2  + 

+  «„  +  ey  +  t;  +  f^ii„  +  »j  _  +  (,;,  +  ,;)  _  .  q 

(^1  +  ^0  +  ®s  +  ^2)1 


dxi 

Generalized  Forces  (Qj  =  ?=  — — ): 

^\  —  Xi  —  ^  —  f(®i»  ®2»  ^3>  ^5>  ®0*  ®s) 


Z  =  Z,  +  4(^0  +  -  ^2(^1  +  ^0  +  ^s)  -  («3  -  ^)(®1  +  »0  + 

+  ^2)  “  ~  ^3)(^1  +  ^0  +  +  ^2  +  ^3) 


?3  =  M,  X2  =  9 

9  =  9q  +  +  9|  +  ^2  ■^'  ^3 

*  “X-w) ' 

.‘.Qi  =  the  moment  causing  the  deflection  9]  s  M| 

Qs  =  )  =  -  F(x  -  *2)  +  My 

.'.Q2  =  the  moment  causing  the  deflection  62  =  M3 
Lagrange’s  equation  for  9,,  the  forward  moment  gage  deflection: 
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IjC^l  +  00  +  ®s)  ^2(^1  +  00  +  +  ^2)  +  *3(0|  +  00  +  0s  +  02  03) 

+  mJZj  +  #o(0o  +  0s)  “  ^l(01  +  00  +  0s)][  “  ^ll 

+  m2[Zj  +  fo(0O  +  0s)  ~  ^2(01  +  00  0s)  “  (^2  “  4) 

(01  +  00  +  0s  +  02)1  [  ”  ^€2!  +  '^3[^i  +  ^(00  ■'■  0s) 

-  ^(0,  +  00  +  0^  -  (1-3  -  Q{6\  +  00  +  0;  +  02)  -  (fc3  -  ^3) 

(0,  +  00  +  0s  +  02  +  03)1[  -  tci]  +  1^101  +  kj^^(03  +  02 

+  0,  +  00  +  0j  +  c,0,  +  Co  f03  +  02  +  01  +  00  +  0s)  =  M,  ■ 


Note:  and  have  been  assumed  to  be  negligible  in  arriving  at  the  above 

equation. 


[li  +  I2  +  I3  +  ni|^i  +  m2i^2  +  ni3<c3]0i  [4  ‘•'13  +  ni2fc2(^c2  “  ^) 

+  ni3^3(^c3  ~  ^2)10  2  ■1'  [^3  *”3^03(^03  “  ^3)10  3  ~  ^1*^1  “  ^*’'^2 

“  +  [l|  +  ^2  +  13  +  n^i^ci(^c:i  “  ^0)  ”*2^02(^02  “  ^  +  ”^3^3 

(lc3  ~  ^)]0s  ■*■  tl  ■*■  ^2  ■*■  ^3  ■*■  **^l^ci(^l  “  ^0)  ■*■  ^2^2(^C2  “  ^j) 

+  "13^3(^03  -  4)]0O  +  kl01  +  k9a„o(®3  +  02  +  01  +  00  +  0s) 

+  C301  +  C(,^„(,(03  02  +  0|  +  00  +  0s)  = 

Assume  that  the  balance  and  sting  deflections  are  sinusoidal,  e.g., 


0j  =  and  Zj  =  Zse'“‘. 

A,(  -  «20|)  +  B,(  —  ut^Q’^  +  Ci(  -  0)203)  +  D,(  —  0)20^)  +  E,(  —  a)2Zj) 

+  Fi(  -  t^20o)  +  k,0,  +  k(,^„(03  +  02  +  01  +  00  +  0s)  +  Ci«i0i 

*'>aEro(03  +  02  +  01  +  00  +  0!))  “ 

The  constants  Aj  through  F|  are  deflned  in  the  preceding  equation  and  are  tabulated  in 
Table  5. 


Lagrange’s  Equation  for  03,  the  aft  moment  gage  deflection: 


dt 


0L  ^  ap 

3^3  33j 


=  M3 
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13(^1  +  h  +  +  ^0  +  fll)  +  m3[z;  +  ;o)0o  +  Q  -  +  flo  + 

ih  -  0(»2  +  +  ^0+  Q  -  («C3  -  +  h  +  6\  +  e'o  +  ffj] 

[  -  (*'c3  -  4)]  +  k3<>3  -  k(>a^(03  -h  +  fffl  +  ^s)  +  Cjflj 

+  ‘=«aero(®3  +  »2  +  ^1  +  ^0  +  <0  =  ^3 

*^zaero  ^laero  h*''®  *^eeii  assumed  to  be  neglible  in  arriving  at  the  above  equation. 


[I3  +  Hlj^csCCcS  “  4)]^I  +  1^3  +  “  4)(^3  “  ^3)1^2  +  [I3  +  "*3(^3  -  fj)^]  flj 

+  [  -  “3(^03  -  f3)]z;  +  [I3  +  -  ^)(«C3  -  ^3)1^0  +  [I3  +  ^3(^03  -  Q 

0c3  -  ^3)1  +  ^Saero^*^J  +  ^2  +  +  ^0  +  ®s)  +  ^3^3  +  +  % 

+  fl'i  +  ^0  ■*■  ^s)  ~  ^3 


Assume  that  the  balance  and  sting  deflections  are  sinusoidal,  e.g., 

flj  =  Gje'*"^  and  z,  =  Z^e^^ 

“  *^®i)  +  B2(  ~  ”  “^^3)  +  D2(  —  —  E2(  -  u^Zj) 

+  F2(  —  «^0o)  +  k3©3  +  kj^^^(03  +  02  +  0|  +  ©0  +  ©s)  +  C3a)i03 

■'■  ®«a«io“i(03  +  ®2  +  +  ®0  ■'■  ®s)  =  M3 

The  constants  A2  through  F2  are  defined  in  the  preceding  equation  and  are  tabulated  in 
Table  5. 
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Derivation  2.  The  Force-Moment  Balance  Pitch  Plane  Equation  Derivation 


Balance 

Rear 


My 


Notes:  111  The  constants  Ib,  ici<  ki-  and  iz  are  measured  positive  t+tfoniranl  from  the 
forward  gage  ceiuer. 

(tl  Fj  and  My  are  the  aerodynamic  force  and  moment  applied  at  some  location  <xl  on  the 
model  surface. 

(3t  For  in-plane  motion  the  terms  Involving  the  aerodynamic  damping  and  spring  constants 
should  be  omitted  fromthe  above  Illustration  and  from  the  derivation  since  they  are 
the  loads  IF^  and  My)  being  measured. 

14)  For  out-of-plane  motion  •  o. 


C.G,  Translations: 

Zg  =  Z,  -  (^g  -  fo)(0g  -I-  0j) 

^C1  “  ^s  ^o(®0  ®s)  “  ^Cl(®0  + 

^C2  =  ^o(^0  O  “  ^2(^0  ^s  ®l)  “  (^C2  ~  ^2)(^2  + 

^C3  “  +  ^o(^0  +  ®s)  “  ^2(^0  +  ^]  +  ®s)  ~  (^C3  “  ^2) 

ifil  -I-  0,  +  Aq  +  fij)  -F  Zj 
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C.G.  Translational  Velocities: 

=  ^  -  Ob  -  ^b)0^o  +  i) 

^1  ~  ^  +  ^s)  “  ■*■  ^i) 

ic2  =  k+  foOo  +  i)  -  hik  +  +  »,)  -  0c2  -  ^2)02  +  <?,  +  ^0  +  0 

^3  =  ^  +  ^(^0  +  ®s)  -  ^(^0  +  0‘l  +  fls)  -  (<^3  -  h)i^2  +  +  «0 

+  ^s)  +  ^ 

Kinetic  Energy: 

T  =  Vim,z}  +  Vilp^  +  -  Ob  “  ^o)(^o  +  i)V  +  +  if 

+  ^“iiK  +  A)Oo  +  «s)  -  fciOo  +  i  +  +  ^IjOo  +  i  +  Oif 

+  +  £0(00  +  Q  ~  tiiOo  +  fls  +  &i)  -  0c2  -  Q 

Oi)  +  +  ‘^l2[«o  +  i  +  +  O2V  +  Vimsfz,  + 

Oo  ■*■  ®s)  ~  ^(®0  ■*■  ■*"  ^1)  ~  Oc3  ~  fj)(^0  +  ■*■  ^'1  ■•■  ^2) 

+  23]^  -f  V2i^0o  +  i  +  fl'i  + 

Potential  Energy: 


V  =  yiK^2}  +  +  i/2ki9f  +  'Ak^el  +  ^ikjz^  -I- 

43  +  i^k«a„o(»2  +  01  +  »o  +  0s)" 

Dissipation  Function: 

D  =  Vic^il  +  +  V2C^e\  +  !/iC20^  +  ViCjif  + 


^*1  +  +  0s)" 

^X' 

Generalized  Forces  (O:  =  - ^V 

J  dqj  ' 

=  Fz  Xj  =  z  =  f(0„  02,  Z3,  Zj,  0Q,  0^ 


Z  =  Z,  -h  i^,(0o  +  flj)  -  f2(flo  -I-  Oj  +  0j  _  (x  -  ^2) 
(02  +  01  +  00  +  0s)  +  Z3 
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?2  =  My  Xj  =  fl 

(9  =  ^2 


q,  =  01 

‘2.  =  <-^)  ^  M-W)  '  ^ 

Qj  =  M|  B  the  moment  causing  the  deflection  0, 


•33  =  -  F,(l)  +  M,(0)  =  F. 

Qj  =  Fj  B  the  force  causing  the  deflection  Zy 

Lagrange’s  Equation  for  0j,  the  aft  moment  gage  deflection: 

d  /  3L  \  _  dh  ^  3D 
di  ^  301  '  301  301 


=  M, 


+  ^o(^0  +  ^s)  ~  ^Cl(^0  +  +  ®l)][  “  ^ll  +  +  ^sl 

+  m^[z^  +  4(00  +  fls)  -  +  6o  +  fl*)  -  Uc2  -  ^2)(^2  + 

+  ^0  +  «s)][  -  ^cJ  +  l2[^2  +  +  ^0  +  ^'sl  +  ""atzs  +  +  »s) 

-  +  ^0  ■•■  ^j)  "  (^3  “  ^2)(^2  +  3i  +  0()  +  0j  +  Z3][  -  fcsl 

+  l3[02  +  +  ^0  +  ^sl  +  +  *^flaert>(®2  +  ®1  +  ^0  +  O  + 

■*'  +  0\  +  4)  + 


Note:  lCz^j.p  and  c^^^^  have  been  assumed  to  be  negligible  in  arriving  at  the  above 
equation. 

[•^1^1  ■•■  ■•■  *^12^02  +  I2  ™3^3  ^3]^*!  ■*■  [*^2^02(^02  “  ^2)  +  ^2 

+  ni3f(;3(^3  -  +  l3]02  +  [  -  ni3fc3lz3  +  [n^lfciC^Cl  ”  ?d)  +  +  ”^2^C2 

0c2  -  0  +h  +  mjfcafe  -  ^0)  +  +  [mifciC^ci  -  0  +  II  +  ™2^C2 

0c2  -  Q  +  h  +  ma^csC^ca  -  0  +  Isl^s  +  [  “  “i^ci  -  m2^c2  “  mjfcalzs 

+  k,0j  +  +  3i  +  ^0  +  ^s)  +  '^1®!  +  ^fiaero^^Z  **1  "'■  ^0  +  ®s)  = 


/ 
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Assume  that  the  balance  and  sting  deflections  are  sinusoidal,  e.g., 

=  GjC^^andZj  =  Zje^^ 

A,(  -  ulGi)  +  Bj(  -  +  C,(  -  o)2Z3)  +  Di(  -  «2Gj  +  E,(  -  «2Zj) 

+  Fi(  -  w^Gq)  +  kj0|  +  +  ©1  +  Gq  +  Gj)  +  CjuiGi 

‘^»«i:ro“l(©2  +  ©1  +  ©0  +  GJ  =  Mj 

The  constants  Aj  through  F|  are  defined  in  the  preceding  equation  and  are  tahniat<»^  in 
Table  4. 


Lagrange’s  Equation  for  zj,  the  aft  moment  gage  deflection: 

d  /  aL  Y  _  3L  ^  3D  _ 

dt  9z3  9z3  3z'3 


msUs  +  ^o(^‘o  +  ^'5)  -  +  O0  +  O  -  (fc3  -  +  ^'i  +  h  +  &'s) 

+  Z3]  +  k3Zj  +  +  C3Z3  +  C,^^^ZC3  =  Fz 

[  -  raj^C3]fi|+  [  -  013(1^3  -  e^\e2.  +  [m3(^  -  fc3)]3o  +  [m3(fo  - 

+  [m3]zj+  [mjjz's  +  kjZj  +  C3Z3  = 

Note:  and  have  been  assumed  to  be  neglible  in  arriving  at  the  above 

equation. 


Assume  that  the  balance  and  sting  deflections  are  sinusoidal,  e.g., 

=  GjC^’^andZj  =  ZjC*"*. 

Aj(  -  0^0,)  +  BjC  -  «202)  +  CjC  -  o,2Z3)  +  DjC  -  u,20j  +  EjC  -  co2Z J 
+  —  o^^Gfl)  +  kZ3  +  C3uiZ3  =  Fj 


The  constants  Aj  through  Fj  are  defined  in  the  preceding  equation  and  are  tabulated  in 
Table  4. 
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Derivation  3.  The  Force-Moment  Balance  Yaw  Plane  Equation  Derivation 


Notes;  (II  The  constants  jg,  ig,  £q2' ‘*C3' '^2- 

(orward  Irom  the  fonseird  gage  center. 

(21  Ey  and  are  the  aerodynamic  force  and  moment  applied  at  some  location  <x1 
on  the  model  surface. 

(3)  For  in-plane  motion  the  terms  involving  the  aerodynamic  damping  and 
spring  constants  should  be  omitted  from  the  above  illustration  and  from 
the  derivation  since  they  are  the  loads  (Fy  and  M^l  bei  ng  measured. 

(41  For  out-of-plane  notion  ^  •  0. 


C.G.  Translations: 


ycl  =  y*  +  ^(^0  +  '^s)  +  yi 


yC2  =  Vs  +  ^o(V'0  +  ^5)  +  yi  -  +  1^5)  -  (^C2  -  Qih  +  4^0+ 

yea  =  Vs  “  0(1^  +  i^s)  +  yf  “  (^3  “  O 

(V'2  +  ^0  +  Vi's)  -  (<:;3  -  ^)(vi'3  +  v!'2  +  +  v^',') 


/ 
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C.G.  Translatioiuil  Velocities: 

y  B  =  Vs  ~  (^B  ~  ^)(lAo  +  l^s) 

ycl  =  Vs  ^0(^0  +  ^s)  +  yj 

yc2  =  ys  +  (^  -  QGo  +  +  yi  -  (^2  -  Qih  +  h 

yc3  =  y*  +  (^0  -  ^(^^0  +  k)  +  yj  -  (^3  -  ^2)(<^2  +  h  +  i'i) 

~  (^3  ~  ^)(^^3  +  1^2  +  ^0  +  V^s) 

Kinetic  Energy: 

T  =  >Am,y2  +  +  i/2tnB[y,  -  +  VM'i'o  + 

+  i^nijy,  +  +  y,]^  ^  ,/^j  ^  ^j2 

+  '/imjy,  +  y,  +  (f^,  -  ,^2)1^0  +  (<*0  "  “  (^2  '  f2)^^2]' 

+  'AI2U2  +  'i>o  +  'f>,V  +  '/iin3[y,  +  y,  +  (fo  -  /c3)i^o  +  (Iq  -  Wit, 

-  0c3  -  hUi  -  -  ^3)1^3]^  +  +  4  +  ito  +  it,]^ 

Potential  Energy: 


V  =  y2k^yl  +  +  ‘/2kiyf  +  kikjiti  +  Vikjitf  + 

yC3  +  ^*^i^aero^V'2  +  +  ito  + 


Dissipation  Function: 

D  =  ’/^Ciyf  +  '/ic2iti'+  +  '>^Cy^yc3 

^  +  iti  +  ito  +  its)^ 

3X' 

Generalized  Forces  (O;  =  ?• - ^ — V 

J  dqj 

•^1  =  Fy  Xi  =  y  =  f(yi,  1^2. 1^3,  y,.  it,,  ito)  =  f(qi,  q2.  Qa,  .  .  .) 


y  =  y,  +  Oo  -  4)(ito  +  itj  -y,  -  (fj  -  4) 

(its  +  ito  +  it,)  -  (x  -  4){lt3  +  lt2  +  ito  +  its) 
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?2  =  M, 


Qi  =  yi 

=  •'r(-|;-)  +  M.(^)  =  F,(l)  +  M,(0) 

Qi  =  Fy  s  the  force  causing  the  deflection  yj 

^3  = 

^3  -  ■*■  “  ^3)  +  MzCO  =  M3 

Q3  =  Mj  =  the  moment  causing  the  deflection  ^3 
Lagrange's  Equation  for  y,,  the  aft  moment  gage  deflection: 

-  JL  +  ®.  =  F, 

dt  ''  ayi  dyi  fly, 

mjy,  +  +  it's)  +  y'll  +  mjy,  +  y,  +  (^  _ 

-  +  ^i[y\  +  y,  +  -  Wi^’o  +  (^  -  ^3)^s  -  (<C3  - 

-  0c3  -  +  k,yi  +  ky^yc3  +  Ciy,  +  Cy^^yc3  =  Fy 

[m,  +  m2  +  m3]y,  +  [  —  m2(fQ2  “  4)  ~  *313(4:3  “  4)]i^*2  "•■[(''  **33) 

(4:3  -  4)li'3  +  [*33i4  +  ***2(4  “  +  *3ij(4  -  fcsMV's  +  I***!  +  mj  +  m3]ys 

[*3*i4  *332(4  ~  42)  ■*■  *333(4  “  43)13^0  ^lyj  ■*■  ^lyi  T 

Note;  ky^^^  and  Cy^^^^  have  been  assumed  to  be  negligible  in  arriving  at  the  above 
equation. 

Assume  that  the  balance  and  sting  deflections  are  sinusoidal,  e.g., 

V'j  =  4^je'"‘  and  =  Yje*^ 

A,(  -  u2Y,)  +  B,(  -  +  Ci(  -  ^2^3)  +  D,(  -  u.2f  J  +  Ej(  -  oPYj) 

+  F,(  -  Wo)  +  k,Y,  +  CiojiY,  =  Fy 

The  constants  A,  through  F,  are  defined  in  the  preceding  equation  and  are  tabulated  in 
Table  4. 
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Lagrange’s  Equation  for  ^3,  the  aft  moment  gage  deflection: 

d  /  aL  \  SL  3D  „ 

—  I - +  —7-  =  M3 

dt  ^  3^3  ^  d^3 

ni3[y,  +  y'l  +  (^0  -  ^3)V'’o  +  (^  -  -  (^3  -  Qh  -  («C3  - 

[-  (^C3  -  ^3)]  +  ^[V'3  +  ^2  +  +  ^'sl  +  •'3^3  +  Kasio^'^i  +  ^2  +  l^'O  +  1^'s) 

+  ^3^3  +  +  ^^2+1^0+  l^s)  =  Mj 

^yaero  ®yaero  assumed  to  be  neglible  in  arriving  at  the  above 

equation. 

[(  “  J^3)(^3  “  Oly'l  +  [I3  ("^3)Oc3  “  4)(^C3  ~  ^3)]^^  +  [^3  +  (^3) 

(^3  “  (3)  [^3  “  (*^3)0c3  “  “  ^03)1  ^4  ■*■  l(  ~  *tl3)(£|^3  —  f3)]yj 

■*■  [^3  ~  (^3)(^  “  ^3)(^C3  ~  ^3)]^^  ■*■  ^3^3  +  l/'2  +  1^0  ’A*)  + 

■*■  '^l^aero('4  +  ^+  \fc+^  =  M3 

Assume  that  the  balance  deflections  and  sting  deflections  are  sinusoidal,  c.g. 

\fff  =  and  yj  =  Yje'"‘ 

AjC  -  +  BjC  -  aPfj)  +  CjC  -  +^D2(  -  0)2^)  -  E^i  - 

+  F2(  -  C^'J'o)  +  ^3^  +  +  'f 2  +  ^*^0  +  ^)  +  Cswi’Tj 

+  +  fj  +  ^.  +  %)  =  Mj 

The  constants  A2  through  F2  are  defined  in  the  preceding  equation  and  are  tabulated  In 

Table  4. 
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Derivation  4.  The  Roll  Derivation 


Note:  The  C.G.’s  of  the  balance  sections  and  the  model  are  assumed  to  lie  on  the  balance 
centerline,  which  is  the  axis  of  rotation  in  roll.  Therefore,  there  are  no  translations  or 
translational  velocities. 

Kinetic  Energy: 

T  =  +  0i)^  +  V4l2(0f  +  +  (^1  +  ^  +  <^j)^ 

Potential  Energy: 

V  =  +  '/ik2^2  !^k303  +  l^kf^f  +  +  ^2  +  ^3  + 

Dissipation  Function: 

D  =  ViCf^j  +  +  ’/ic^^^(<iif  +  (^]  +  02  + 
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Generalized  Force  ^Qj  =  “5^)- 

5fj  =  M;j  X,  =  =  f(0i,  it>2,  «/>3,  ^r) 

+  02  ■*■  ^3 

Qi  =  M,  =  the  rolling  moment  which  causes  the  roll  deflections 
Lagrange’s  Equation  for  02i  mid-balance  roll  deflection: 


) 


dL 


dD 


=  M, 


dt  d<^2  ^  ^^2  ^^2 

+  0,  +  02)  +  13(05  +  +  ^2  ^3)  +  M2  +  ^4^ero('^> ^2  +  ^3  +  ^f) 

+  C202  ■*■  +  <^2  +  ^3)  = 

Since  l2<  <  I3  and  <  ^2.  the  terms  including  these  parameters  are  neglected. 

Assume  that  the  balance  deflections  are  sinusoidal,  i.e.,  0j  =  0e'“‘. 

-  +  i,  +  *2  +  *3)  +  k2i2  +  Cjuiij  +  +  *1  +  *2 

+  ij)  -  it 

(lj2j 

+  *1  +  *2  +  *3)]k2^2  +  Mi*2 


+  ^,  +  ^2  +  *3)  =  M, 

Substitution:  0f  +  +  *3  =  ^ 


‘^TOTAL 


^2^2 

^toul 


#f  +  $1  +  02  +  ^3=  ‘^2^2(1^^) 

[1  -  «^I3(-Y- - ^)]k2*2  +  C2ui02  +  +  *2  +  *3)  =  ^ 
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Substitution; 


^toial 


''■'total 


-  (  +  *1  +  ^2  +  ^s)  = 


M. 


Substitution: 

M^  =  the  apparent  moment  measured  by  the 
rolling  moment  gage  element  as 
determined  using  a  static  calibration 
sensitivity. 

[‘  -  =  M. 

■■  '  "ntotal  *^2 

Mi 

Substitution:  =  “c - 

“loial 


k2  ■  k.atal 
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APPENDIX  C 

THE  DETERMINATION  OF  CONSTANTS  NEEDED  FOR  DATA  REDUCTION 

Basically  there  are  three  types  of  constants  that  must  be  determined  before  the  complete 
equations  of  balance  motion  can  be  used:  (1)  moment  of  inertia  and  mass  constants  along 
with  c.g.  locations,  (2)  spring  constants,  and  (3)  damping  constants. 

The  first  type  of  constants  can  usually  be  fairly  accurately  determined  from  balance  and 
model  dimensions  and  the  density  of  the  material  from  which  they  are  constructed.  The 
moments  of  inertia  of  some  aerodynamic  models  are  somewhat  more  difficult  to  obtain  than 
the  balance  inertias  since  the  models  often  have  irregularly  shaped  surfaces  for  which  it  is 
hard  to  calculate  a  volume.  However,  through  the  use  of  a  torque  tube  or  possibly  using  a 
trifiler  pendulum  it  is  possible  to  obtain  these  inertias  to  within  less  than  one  percent 
uncertainty. 

The  second  type  of  constant,  the  spring  constant,  is  somewhat  more  difHcult  to  obtain. 
To  most  accurately  model  the  system,  all  degrees  of  freedom  permitted  by  the  balance/sting 
system  must  be  included  in  the  equations  of  motion,  and  a  spring  constant  must  be 
determined  for  each  of  the  flexible  elements  permitting  a  degree  of  freedom.  However,  each 
balance  is  designed  and  gaged  for  particular  primary  degrees  of  freedom,  and  other 
extraneous  degrees  of  freedom  than  those  which  are  gaged  and  monitored  are  considered 
negligible.  The  confirmation  of  these  primary  degrees  of  freedom  and  the  determination  of 
these  spring  constants  using  holographic  interferometry  are  discussed  in  detail  in  Appendix 
A.  Besides  this  load  versus  deflection  technique,  it  is  also  possible  to  determine  the  spring 
constants  from  knowledge  of  the  masses  and  moments  of  inertias,  as  discussed  above,  and 
balance  mode  frequencies  measured  with  the  C.C.  balance  mounted  to  a  rigid  support 
(inertial  reference  frame). 

As  an  example,  a  solution  is  given  below  for  the  spring  constants  of  a  2-DOF  moment 
balance  on  which  a  known  mass  is  mounted  and  for  which  the  masses  of  the  “floating” 
balance  sections  are  known.  This  is  a  model  that  could  be  used  for  the  moment  balance  if  the 
central  roll  gage  element  is  considered  rigid  in  pitch.  A  simplified  sketch  of  the  system  is 
^ven  below. 
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■  The  characteristic  equation  for  such  a  2-DOF  system  is 

\'‘(m,,m22  +  mjj)  -  X^(k3m|,  +  kim22)  +  kjkj  =  0 


or 


X-*(a)  -  X2(b)  +  c  =  0 

where  a,  b,  and  c  are  equation  constants  to  be  determined,  and  where  the  mass  terms  mj,, 
mjj,  and  m22  are  defined  below. 

m,i  =  I,  +  m,^j  +  I3  +  mjf^j 

m22  =  I3  +  m3(f3  +  ^3)2 
™12  =  ™21  =  I3  +  ™3^C3(^3  ^03) 

If  the  balance  is  mounted  to  a  rigid  support,  the  mode  frequencies  of  such  a  2-DOF 
system  are  fairly  easy  to  distinguish  when  a  spectral  analyzer  is  used  to  display  the  frequency 
content  of  the  freely  oscillating  balance.  Defining  these  frequencies  as 

X]  =  frequency  of  1st  mode 
X2  ss  frequency  of  2nd  mode 

they  can  be  used  in  the  above  characteristic  equation  to  yield  two  equations  in  two 
unknowns. 

aXf  -  bXf  +  c  =  0 
aX^  -  bX5  +  c  =  0 

These  two  equations  can  be  solved  for  b/a  and  c/a. 

From  the  identities 

I,/,  ,  c/a 

nij|m22  +  mi2 


kjkj 


iniim22  +  m,2 


and  the  known  mass  constants,  m,,,  m]2,  and  m22,  the  spring  constants  ki  and  k3  can  be 
determined. 
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Aside  from  the  mechanical  spring  constants  themselves,  the  free-stream  flow  over  the 
model  surface  also  provides  a  restoring  moment  which  can  be  thought  of  as  a  spring 
constant.  This  constant,  kj  or  k*  ,  must  be  obtained  from  previous  static  stability  tests 

''aero  ^acro  ^ 

or  dynamic  stability,  direct  derivative  tests.  While  they  are  included  in  the  initial  steps  of  the 
derivations  in  Appendix  B,  they  have  been  neglected  in  the  final  equations  since  they  are 
relatively  small  compared  to  the  balance  spring  constants.  In  most  cases  they  would 
represent  much  less  than  one  percent  of  the  total  spring  constant. 

The  third  type  of  constant,  the  damping  constant,  can  be  divided  into  two  categories:  (1) 
the  aerodynamic  damping  constants  such  as  c«  and  c.*  ,  and  (2)  the  mechanical 

.  ,  aero  ^aero 

damping  constants  of  the  balance  gage  elements.  As  with  the  aerodynamic  spring  constants 

the  aerodynamic  damping  constants  must  be  known  from  previous  dynamic  stability,  direct 

derivative  tests.  Unlike  the  aerodynamic  spring  constants,  the  aerodynamic  damping 

constants  cannot  be  neglected  in  the  equations  of  motion.  They  could  be  of  the  same 

magnitude  or  larger  than  the  mechanical  damping  constants.  An  example  showing  the 

effects  of  neglecting  the  aerodynamic  damping  constants  on  a  typical  test  is  given  in 

Appendix  D. 

The  mechanical  damping  constants  can  be  determined  in  the  laboratory  before  a  test 
using  a  similar  procedure  to  that  used  to  obtain  C.F.  balance  mechanical  damping  constants. 
When  the  dual  balance  system  with  an  attached  model  or  calibration  body  is  oscillated  in  a 
vacuum,  the  aerodynamic  force  and  aerodynamic  damping  terms  drop  out.  By  using  a  cali¬ 
bration  body  with  known  cross  products  of  inertia,  a  known  load  can  be  applied  to  the 
balance.  This  load  will  have  a  real  component  only,  i.e.,  it  will  have  zero  phase  with  respect 
to  the  impressed  balance  motion,  since  it  is  strictly  an  inertial  load.  Using  the  equation  of 
motion  for  the  moment  balance  as  an  example,  the  complete  equation  of  motion, 

—  (ij^A|0j  +  B|02  +  CjOj  +  E|Zg  +  F]0q)  +  ^1^1  C|toi0| 

takes  the  form 
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Therefore.  C|  is  equal  to  the  imaginary  part  of  the  bracketed  term,  and  the  real  part  should 
be  equal  to  zero.  In  a  similar  manner  any  of  the  balance  equations  of  motion  can  be  .solved 
for  the  mechanical  damping  constants  if  the  system  is  oscillated  under  vacuum. 

The  roll  equation  of  motion  poses  a  somewhat  different  problem.  In  this  particular 
equation  [Eq.  (2)  of  Table  3],  the  constant  C2/k2  is  required.  A  simple  approach  to  obtaining 
this  combined  constant  can  be  used  if  the  total  system  damping  is  known,  similar  to  the  case 
described  by  Buchanan  in  Ref.  4. 

For  a  single-degree-of-freedom  roll  system,  the  equation  of  motion  takes  the  form 

^2^2  ^2*^2  “  ^ 


or 

-  +  C2wi4>2  +  k2*2  =  M 

where  the  displacement  <l>2  takes  the  form  02  =  ^2  the  resulting  moment  is  assumed 

to  take  the  form  Me'’^^  For  a  two-degree-of-freedom  roll  system,  where  the  two  degrees  of 
freedom  are  considered  to  be  the  rolling  motion  of  the  roll  gage  of  the  C.C.  balance  and  the 
rolling  motion  of  the  C.F.  balance,  the  equation  takes  the  form 

12(^2  ■*"  "**  ^2*^2  ^2^2  “  hi 


or 


—  £0212(^2  ^f)  C2“^^2  ^2^2  “  hi 


In  this  particular  equation  I2  is  the  total  inertia  supported  by  the  series  of  two  springs,  k2  and 
kf  as  shown  below. 


"2 

DnnC 

'=2 


The  primary  difference  between  the  equations  of  the  two  different  systems  is  that  the 
deflection  in  the  inertia  term  of  the  2-DOF  system  includes  the  deflection  of  both  springs. 
For  a  general  static  moment  M,  this  total  deflection  can  be  rewritten  as  follows. 
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where 


M  —  k202  —  kj^f 


The  2-DOF  equation  now  takes  the  form 


C2wi^2  +  k2$2  =  ^ 


If  the  term  (I  +  k2/kf)l2  is  looked  upon  as  an  effective  mass,  then  this  equation  takes  the 
same  form  as  the  1-DOF  equation,  which  can  be  written  in  the  form 


where 


^2  +  +  “n^2 


=  Wn 


M 


giut  +  y 


and 


^2 

Ijd  +  ki/kf) 


^  ^2  ^  <=2^^!! 

212(1  +  k2/kf)a)„  2k2 

The  solution  for  this  system  results  in  the  definition  of  7  and  k2^2'^^  ^  follows: 


y 


tan-i 


2f 


u 


1  -  (^) 


«n 


^2^2 

M 


V<‘  -  ^ 


By  experimentally  determining  7  and  k2^2/^*>  commonly  referred  to  as  magnification 
factor  (i,  for  several  values  of  «/«„,  the  value  of  f  and  can  be  determined  through  a 
curve-fitting  process  as  was  done  by  Buchanan  (Ref.  4).  Knowing  f,  the  value  of  C2  can  be 
determined  if  k2  and  kf  are  known,  which  requires  another  laboratory  procedure.  However, 
this  can  be  avoided  because  only  the  ratio  C2/k2  is  required  in  the  roll  equation  of  motion. 
From  the  definition  of  T,  the  term  C2/k2  can  be  defined  as 
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C2  _  2i- 

^2  “’ll 


where  ci)„  is  the  natural  frequency  of  the  total  system  in  roll.  Although  for  this  2-DOF  system 
there  would  be  two  mode  frequencies,  the  mass  between  the  two  springs  is  relatively  small. 
For  practical  purposes  the  system  behaves  like  a  1-DOF  system  with  the  primary  mode 
frequency  showing  up  as  the  above-mentioned  single  natural  frequency.  This  has  been 
confirmed  by  experiment. 
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APPENDIX  D 

THE  EFFECT  OF  NEGLECTING  THE  AERODYNAMIC  DAMPING  CONSTANT 
FROM  THE  DATA  REDUCTION  PROCEDURE 

As  discussed  in  Sec.  3.0  and  Appendix  B,  the  compiete  equations  of  motion  require  both 
mechanical  damping  constants  and  aerodynamic  damping  constants.  In  some  cases  the 
aerodynamic  damping  constants  may  not  be  available,  and  it  becomes  a  question  of  how 
accurate  the  dynamic  moment  can  be  if  the  aerodynamic  damping  is  neglected.  There  is  no 
general  answer  to  this  question  because  the  aerodynamic  moment  depends  on  so  many  other 
parameters  besides  aerodynamic  damping.  To  illustrate  this  point  the  roll  equation  of 
motion  will  be  used  with  some  typical  input  constants  from  a  previous  test  run  with  a  dual¬ 
balance  system.  When  all  of  the  constants  in  the  roll  equation  of  motion  are  input  it 
simplifies  from 


to 


([■  -  (^)i -i-t 


+ 


M '  =  M 


X* 


^total 


The  vector  constant  by  which  the  measured  moment  is  multiplied  serves  to  demagnify  and 
phase  shift  the  measured  moment  to  yield  the  aerodynamic  load  Mjj.  The 
demagnification  constant  1  / n  would  normally  not  show  a  significant  effect  from  ignoring 
‘^^aero  much  less  than  one  in  most  cases.  The  effect  on  phase  shift  (Ay) 

would  normally  be  more  significant  since  Ay  varies  directly  with  the  imaginary  part 
(damping  term)  for  small  angles.  Therefore,  in  terms  of  the  final  result  M,,  the  primary  error 
resulting  from  ignoring  would  be  in  the  form  of  a  phase  error. 

Using  the  mechanical  characteristics  of  the  4,000-lb  dual  balance  roll  derivative  system 
used  for  the  roll  tests  described  in  Ref.  4,  l/^t  and  Ay  are  plotted  in  Fig.  D-1  versus 
aerodynamic  damping  for  several  values  of  balance  system  natural  frequency  in  roll,  which 
was  varied  by  changing  roB  moment  of  inertia  I,.  As  mentioned  above,  the  phase  shift  Ay  is 
affected  significantly  while  the  demagnification  constant  sees  little  change.  In  Fig.  D-2  this 
phase  angle  shift  is  shown  in  terms  of  percent  error  in  phase  angle  for  several  values  of 
neglected  aerodynamic  damping  constants.  As  would  be  expected,  the  errors  get  very  large 
for  small  values  of  phase  angle. 
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Considering  that  aerodynamic  cross  or  cross-coupling  moments  will  have  small  phase 
angles,  and  considering  the  errors  which  could  result  if  all  of  the  damping  constants  are  not 
well  defined,  the  future  of  these  measurements  might  be  considered  bleak  at  best.  However, 
below  a  certain  threshold  level  of  cross  or  cross-coupling  damping,  these  derivatives  will  be 
of  little  concern  to  the  aircraft  stability  anyway,  and  can  be  ignored.  The  high  uncertainty  in 
damping  measurements  is  unimportant.  In  fact,  it  might  be  more  correct  to  quote  cross  and 
cross-coupling  moments  in  their  vector  form  with  an  absolute  uncertainty  in  phase  angle 
rather  that  to  divide  the  moment  into  its  in-phase  and  out-of-phase  (with  position) 
components. 
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a.  fn(Roll)  =  20  Hz 


^  b.  f„(Roll)  =  30  Hz 

Figure  D-Z.  The  possible  error  in  cross-coupling  roli  damping  moment  resuiting 
from  negiecting  c^ 

^a0ro 
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NOMENCLATURE 

a  Real  part  of  a  complex  number 

b  Imaginary  part  of  a  complex  number 

c  Damping  coefficient,  ft-lb-sec/rad  or  Ib-sec/ft 

c  Wing  mean  aerodynamic  chord,  ft 

Cj  The  damping  force  or  moment  attributable  to  the  jth  component  ft-lb-sec/rad  or 

Ib-sec/ft 

C,  Rolling  moment  coefficient 

dCi  /3(qc72vJ,  rad'i 

C  Slope  of  C,  versus  a  curve,  dC,  /da,  rad  •' 

C,.  dC, /d(ac/2V„),  rad-‘ 

.  C.R.  Center  of  rotation 

^^aero  Translational  aerodynamic  damping  coefficient  in  the  yaw  plane,  Ib-sec/ft 
Translational  sting  damping  coefficient  in  the  yaw  plane,  Ib-sec/ft 
^^aero  Translational  aerodynamic  damping  coefficient  in  the  pitch  plane,  Ib-sec/ft 
Cj  Translational  sting  damping  coefficient  in  the  pitch  plane,  Ib-sec/ft 

5 

Cg  Rotational  aerodynamic  damping  coefficient  in  pitch,  ft-lb-sec 

''aero 

Cg^  Rotational  sting  damping  coefficient  in  pitch,  ft-lb-sec 
^*^aero  Rotational  aerodynamic  damping  coefHcient  in  roll,  ft-lb-sec 

^'^aero  Rotational  aerodynamic  damping  coefficient  in  yaw,  ft-lb-sec 

c^^  Rotational  sting  damping  coefficient  in  yaw,  ft-lb-sec 

D  Energy  dissipation  function,  ft-lb/sec 

E  Voltage 

F  Force,  lb 

f  Oscillation  frequency  of  C.F.  balance,  Hz 
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Load  applied  to  a  balance  in  one  of  the  six  degrees  of  freedom,  i.e.,  a  force  in  the 
direction  of  or  a  moment  about  one  of  the  three  Cartesian  coordinate  axes,  lb  or 
ft-lb 

Fj  Force  vector  measured  by  the  jth  component,  Fj  =  Fje'T'j 

Fj  Magnitude  of  the  force  vector  of  the  jth  component,  lb 

f„  Natural  frequency,  Hz 

Fy  Force  parallel  to  the  balance  y  axis,  lb 

F^  Force  parallel  to  the  balance  z  axis,  lb 

Fp  Force  proportional  to  angular  position  i.e.,  the  component  of  the  force  vector 
which  is  in  phase  with  the  oscillatory  deflection  vector  Gy, lb 

Fj  Force  proportional  to  angular  velocity,  i.e.,  the  component  of  the  force  vector 

which  is  90-deg  out-of-phase  with  the  oscillatory  deflection  vector  Gy,  lb 

i  >/3  (when  not  used  as  a  dummy  subscript) 

Ij  Mass  moment  of  inertia  supported  by  the  jth  component  (see  Figs.  3  through  6 

and  Figs.  8  through  10),  slug  ft^ 

Mass  moment  of  inertia  about  the  x  axis,  slug  ft^ 

I,y  Cross  product  of  inertia  relative  to  the  xy  plane,  slug  ft^ 

kf  Spring  constant  of  a  pitch/yaw  cross  flexure  balance  in  roll,  ft-lb/rad 

kj  Spring  constant  of  the  jth  component,  Ib/ft  or  ft-lb/rad 

ktotai  Resultant  spring  constant  of  a  system  having  two  or  more  springs  in  series,  Ib/ft 
or  ft-lb/rad 

^^aeio  Translational  aerodynamic  spring  constant  in  the  yaw  plane,  Ib/ft  (assumed  to  be 
zero) 

ky^  Translational  spring  constant  of  the  sting  in  the  yaw  plane,  Ib/ft 

kj^^  Translational  aerodynamic  spring  constant  in  the  pitch  plane,  Ib/ft  (assumed  to  be 
zero) 

kj^  Translational  spring  constant  of  the  sting  in  the  pitch  plane,  Ib/ft 
^*aero  Rotational  aerodynamic  spring  in  the  pitch  plane,  ft-lb/rad 
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k0  Rotational  spring  constant  of  the  sting  in  the  pitch  plane,  ft-lb/rad 

5 

Rotational  aerodynamic  spring  constant  in  roll,  ft-lb/rad 
^^aero  Rotational  aerodynamic  spring  constant  in  the  yaw  plane,  ft-lb/rad 
Rotational  spring  constant  of  the  sting  in  the  yaw  plane,  ft-lb/rad 
L  Lagrangian  function,  T-V,  ft-lb 

^  The  distance  from  the  forward  C.C.  balance  gage  to  the  jth  component,  ft 

m  Mass,  slug 

M  Moment,  ft-lb 

mj  Mass  supported  by  the  jth  component,  slug  (See  Figs.  3  through  6  and  Figs.  8 
through  10) 

Mj  Amplitude  of  the  vector  moment  about  the  jth  component,  ft-lb 

Mj  Vector  moment  about  the  jth  component,  ft-lb 

^REF  Moment  vector  about  a  designated  model  reference  point,  ft-lb 

My  Moment  about  the  balance  x  axis,  ft-lb 

M  ^  Vector  moment  about  balance  x  axis,  ft-lb 

My  Moment  in  the  balance  pitch  plane,  ft-lb 

Mj  Moment  in  the  balance  yaw  plane,  ft-lb 

M^  Moment  proportional  to  angular  position,  i.e.,  the  component  of  the  moment 
vector  which  is  in-phase  with  the  oscillating  defection  vector  $j,  ft-lb 

Mg  Moment  proportional  to  angular  velocity,  i.e.  the  component  of  the  moment 
vector  which  is  in-phase  with  the  oscillatory  deflection  vector  Wj,  ft-lb 

mil.  Inertia  terms  appearing  in  the  characteristic  equation  of  a  2-degree-of-freedom 

m|2,  spring  -  mass  system,  slug  ft^ 

^2],  ^22 

q  Rotational  velocity  in  pitch,  rad/sec 
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Qj  Generalized  force  relative  to  the  jth  component,  lb  or  fMb 
Qj  Generalized  coordinate,  ft  or  rad 

s  Gage  sensitivity,  volt/lb  or  volt/ft-lb 

T  Kinetic  energy,  ft-lb 

t  Time,  sec 

V  Potential  energy,  ft-lb 

V„  Free-stream  velocity,  ft/sec 

X  Distance  from  balance  forward  gage  station  measured  along  balance  axis,  ft  (see 

sign  conventions  on  Figs.  1  and  2) 

Yj  Translational  deflection  in  y-axis  direction  of  the  jth  component,  ft  (see  sign 

conventions  on  Figs.  1  and  2) 

Yj  Magnitude  of  the  translational  deflection  vector  of  the  jth  component  in  the  y 
direction,  ft 

Yj  Translational  deflection  vector  of  the  jth  component  in  the  y  direction,  ft 

Zj  Translational  deflection  in  the  z-axis  direction  of  the  jth  component,  ft  (see  sign 

conventions  on  Figs.  1  and  2) 

Zj  Magnitude  of  the  translational  deflection  vector  of  the  jth  component  in  the  z 

direction,  ft 

Zj  Translational  deflection  vector  of  the  jth  component  in  the  z  direction,  ft 

a  Angie  of  attack,  deg  or  rad 

7j  Phase  of  the  load  vector  or  the  deflection  vector  of  the  jth  component,  deg  or  rad 

Phase  of  force  vector  relative  to  the  total  deflection  vector  deg  or  rad 
7thj  Phase  of  moment  vector  relative  to  the  total  deflection  vector  deg  or  rad 
{■  Damping  factor,  f  =  c/2mun 

0j  Pitch  plane  rotational  deflection  of  the  jth  component,  deg  or  rad 

0j  Magnitude  of  the  pitch  plane  rotational  deflection  vector  of  the  jth  component, 
deg  or  rad 
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6j  Pitch  plane  rotational  deflection  vector  of  the  jth  component,  deg  or  rad 
Total  pitch  plane  rotational  deflection  of  a  wind  tunnel  model,  deg  or  rad 
O-r  Total  pitch  plane  rotational  deflection  vector  of  a  wind  tunnel  model,  deg  or  rad 
ft  Magnification  factor 

<j>j  Roll  deflection  of  the  jth  component,  deg  or  rad 

Magnitude  of  the  roll  deflection  vector  of  the  jth  component,  rad 
Roll  deflection  vector  of  the  jth  component,  deg  or  rad 
Xj  Ordinary  coordinates  used  in  the  Lagrangian  formulation.  See  Appendix  B 

Yaw  plane  rotational  deflection  of  the  jth  component,  deg  or  rad 
Magnitude  of  the  yaw  plane  rotational  deflection  vector  of  the  jth  component,  rad 
i'j  Yaw  plane  rotational  deflection  vector  of  the  jth  component,  rad 

u  Oscillation  frequency,  rad/sec 

b)„  Natural  frequency,  rad/sec 

Predominant  (first  mode)  frequency  exhibited  by  a  multispring  system,  rad/sec 
( )'  Quantity  as  measured  by  a  balance 

(■)  dO/dt 

(••)  d2()/dt2 

SUBSCRIPTS 

0  Motion  as  input  by  the  C.F.  balance 

1  Balance  gage  element  located  structurally  nearest  the  sting  support 

2  Balance  gage  element  located  at  mid-balance  position  and  used  to  measure  roll 
deflection 

3  Balance  gage  element  structurally  farthest  from  the  sting  support 
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B  That  mass  or  moment  of  inertia  attributed  to  the  “nonfloating' ’  portion  of  the 

C.C.  balance 

s  Sting 

f  Cross  flexure 

Cl  Center  of  gravity  of  the  balance  mass  located  between  the  forward  C.C.  balance 
gage  element  and  either  the  roll  gage  element  (for  3-degree-of- freedom  balance)  or 
the  aft  gage  element  (for  2-degree-of-freedom  balance) 

C2  Center  of  gravity  of  the  balance  mass  located  between  the  roll  gage  element  and 
the  aft  gage  element 

C3  Center  of  gravity  of  the  balance  and  model  mass  supported  by  the  aft  balance  gage 

element 


88 


